MATA30 — Tutorial Notes

Week 2: Inverse Trigonometric Functions
Amir Koutahi

Problem 1. Evaluate each expression exactly. Answers must be real numbers, and branch choices
must be justified.

1. sin(2arccos(2))

2. cos(2arctan(—55))

3. arctan(sin(arccos(1)))
4. arctan(tan(ZZ))
5

. arcsin(sin(17))

Solution
Let 6 = arccos(2), so 6 € [0, 7], cosf = 2, and sinf = 7.

1.

sin(20) = 2sinfcosf =23 -2 =| 2|

2. Let ¢ = arctan(—55) with ¢ € (=3, ). Then

1—tan?¢ 1-— A9
cos(2¢) = 5 = 5426 = % :
l+tan®¢ 14 &%
3.
sin(arccos(3)) = /1 — (%)2 =3,
SO
arctan(%)
4.
2 11 1
tan (27) = tan (1) =~
Since arctan returns values in (-3, ),
—r
d.

Since arcsin returns [-7, 7],

Inverse trigonometric functions do not undo trigonometric functions unless the input lies in
the principal branch.




Problem 2. Define
h(z) = arccos(sin(arctan :c))

1. Rewrite h(z) without trigonometric functions.

2. Determine the range of h.

Solution

Let 6 = arctanz with 6 € (-7, 5). Then

X

V1422

sinf =

Hence

he) = anccos

i)

Since == € (—1,1) for all z,

’Range(h) = (0,m) ‘

The range of an inverse trig function is determined entirely by its principal branch, not by the
input expression.

Problem 3. Let
f(x) = arccos(2z — 1), g(z) = arcsin(3z — 2).

Find the domains of FF =go f and G = fog.

Solution

Base domains:
Dom(f) = [0,1], Dom(g) = [%,1] .

For F: require z € [0,1] and f(z) € [%, 1], giving

(1
pom(r) = [ £ 1o

For G: require x € [%, 1] and 3z — 2 € [0, 1], yielding

Dom(G) = [2,1] |

Problem 4. Analyze

z—0 X
for real parameters a and b.



Solution

Rationalizing,
Vi+a—+a zb
b C Vrta+ya
o Ifa>0:
0, b<1,
1
— b=1
2\/&7 bl
+oo, b>1.

e If a = 0: the limit is one-sided. It equals 0 if b < %, equals 1 if b = %, and diverges if b > %

e If @ < 0: no real limit exists near x = 0.

Always check whether a limit is two-sided. Square roots frequently restrict the domain.

Problem 5. Evaluate
. arcsin(2z) — 2 arctan(z)
lim - .
x—0 x3

Solution

Using Taylor expansions:

t3 t3
arcsint =t + n +O0(t7), arctant =t — 3 +O(t),
with t = 2z,
arcsin(2z) — 2arctanz = 22> + O(2°).
Thus,

(2]



