MATA30 — Tutorial Notes

Week 11: U-Substitution Integrals
Amir Koutahi

Look for an “inner” expression whose derivative appears (up to a constant factor). Then
substitute u = (inner expression), rewrite the integral in u, integrate, and substitute back.

Problem 1. Evaluate:

Solution

Let v = 1+ 2%, so du = 423 dz.
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Problem 2. Evaluate:
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Let v =1In(3z + 2), so du = 5 dx
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Problem 3. Evaluate:

Solution

Let u = /7, so z = u? and dx = 2u du.

ﬁ u
e e

= _ = u = \/E
/\/de /u(2u)du 2/6 du =|2evV* + C|.

Problem 4. Evaluate:
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Solution

Let uw = 1+ 23, so du = 322 dz.
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Problem 5. Evaluate:
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Solution

A natural first step is u = cosz (since du = —sinx dx). Then

V1+4sin?z =+/1+ (1—u?) = v2—u2

so the integral becomes
cos(3u?)
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This integral does not simplify to an elementary antiderivative via standard u-substitution methods.

du.

With the integrand exactly as written, u-substitution reduces it to a non-elementary form. If
you intended a pure u-substitution exercise, one factor is likely missing (typically a cosz or a
different trig composition).

Problem 6. Evaluate:

Solution

1
Let u = Inx, so du = — dx:
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Let v = Inwu, so dv = — du:
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Problem 7. Evaluate:
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Solution

Let u =4+ 25, so du = 62° dx.
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Problem 8. Evaluate:
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Solution

Let u = 7%, so du = "% cosx dz.
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Problem 9. Evaluate:
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Solution

Let v = 1+ 22, so du = 2z dz:
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Let v=441Inwu, so dv = Edu and du = udv:
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, we have 2 = e 2(v=%) = ¢8¢=2V, Hence
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This antiderivative is non-elementary; it can be written using the complementary error function erfc:
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Since u = e? 4

Therefore,

8

(&

/ (14 22)3y/4+In(1 + z?) = 2

g erfc<\/2(4 +In(1+ xQ))) +C.




Up to substitution, the integral becomes [ v™1/2¢72v gy, which is a standard special-function
form.

Problem 10. Evaluate:
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Solution

Let u = 223 — 222 + 72 — 5, so du = (622 — 4z + 7) dz.
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