MATA30 — Tutorial Notes
Week 3
Topics: Limits, Limit Laws, Algebraic Tricks, Squeeze Theorem, Asymptotes

Amir Koutahi

Key Idea

When a limit is indeterminate, your first instinct should be:

Factor/cancel (for 0/0),
Divide by the highest power (for co/c0),

Rationalize (for oo — 0o or 1/ expressions),

Squeeze (when something oscillates or is bounded),

Use standard trig limits (e.g. lim,_,¢ Sigx =1).

Hard Practice Problems (with Solutions)

Problem 1 (Leading terms + absolute value)
Evaluate the limits:
24
(a) lim Tx xr+9
T2 — 449
b) lim ——m—
(b) 20 or +1

Solution.

(a) Divide top and bottom by = (and assume x > 0 for x — o0):

4 9 4 9
VT —mrs . (R -i+%) e fT-i+ %
lim ——— = lim T = lim T .

Since x > 0 eventually, |z| = z, so

T-4+2= U7
= lim ——5— = —.
(b) Now z — —o0, so |z| = —z eventually:
|zy/7T— 4+ 5 —z\[T—4+ 5 J7
lim T = lim i = _
ro—eo x5+ ) vooo x (b4 3) 5




Problem 2 (High power trig limit)

Evaluate .
sin' (3x
lim # )
x—0 x

Solution. Rewrite as

sin(32) _ 7 (sin(sgp))?_

7 3z
Then lim,_,o Sing(ix) =1, so
.7
3
lim w — 37 — 2187.
z—0 X

Problem 3 (Mixed trig and algebra; requires factor trick)

Evaluate

lim sin(5x) — bz cos(5x).

z—0 $3

Solution. Factor out 5x:

sin(5x) — 5z cos(bx) = bz (sm(5x) - cos(5x)> .
So .
sin(bx) — 5z cos(5x) Sméim) — cos(Hx)
z3 =5 z? '

Now use the identity cos(5z) = 1 — 2sin?(2£) and write

sin(bx)
T

sin(5x)
ST

— cos(5z) = ( - 1) + (1 - cos(5z)) .

We know (from standard limits) that as v — 0,

2 u2
-1~ 1—cosu~—.
6 2

sin u

)
u

Applying with u = 5z gives

Sm5($$)_1,\,_( z) :—€x2, 1—COS(5$)N(§):2$2‘
So their sum is (5 25 925 25
S’H;(x”r) — cos(bx) ~ <—6 + 2> z? = §$2-
Therefore in(52)
sim(ox
. == — cos(5x) _>5'§:ﬁ'

2 3 3

i sin(5x) — 5z cos(5x) _ 125

z—0 x3 3




This is a “hard Week 3” style limit: you reduce it until everything is built from standard
small-angle facts.

Problem 4 (Absolute value near a point)

Compute
.|z +3]
lim ——.
z—-3 xr+ 3

Solution. For z > —3, x4+ 3 > 0, so |z + 3| = z + 3 and the ratio is 1. For z < =3, 2 +3 < 0, so
|x 4+ 3| = —(z + 3) and the ratio is —1. One-sided limits differ, so the two-sided limit does not exist.

[DNE (left limit = —1, right limit = 1).|

Problem 5 (Parameter limit-existence with a removable term)

Let )
¢ —1
k(z—1 1
c, r=1.

(a) For which k does lim1 f(x) exist?
T—r

(b) Choose ¢ (in terms of k) so that f is continuous at =z = 1.

Solution. For z # 1,

21 -1 1
x :Cr )@+’):x+1
r—1 xr—1

So
flz)=x+14+k(x—1) (x#1).

Then the limit exists for all k since this is a polynomial expression near 1:

lim f(z) =1+ 1+ k(0) = 2.

z—1

Continuity requires ¢ = lim,_,; f(x) = 2.

(a)allkeR (b)) c=2]

Problem 6 (Squeeze with oscillation and a power)

Evaluate _ )
sin(x

lim (27) .
T—00 €T




Solution. We know —1 < sin(x?) < 1, so dividing by /z (positive for z — 00):

(2
_L< sin(z?) < 1

Ve T VE T e

Both bounds go to 0 as  — 0o, so by Squeeze Theorem the limit is 0.

Problem 7 (Squeeze at a point with different blow-up rates)

Suppose for all real x # 2,

< ) < o
_— x _
(x—2)644 — ~ 3(x—2)%2+4+4
Determine lim f(x).
T—2
Solution. Compute the limits of the bounds:
1 1 1 . 1 1 1

li = — 1 — ——
i3 (2 —2)6+4 044 4 o023(rz-22+4 0+4 4

Since the bounds agree, Squeeze Theorem gives

lim f(z) = i

T—2

Problem 8 (Vertical asymptote vs removable discontinuity)

Let
2 —6x+9

Fla) = 22 -9

(a) Find all discontinuities.

(b) Identify which are vertical asymptotes and which are removable, and compute the corresponding
limit(s).

Solution. Factor:
2 _ 2 2 _
x“ =6z +9=(x—3), =9 =(z—3)(z+3).

So for x # +£3, ,
_ (z—=3) _r—3
Fo) =g ~ o3

Discontinuities at x = 3 and z = —3.



At x = 3:

-3 0
lim F(z) = lim ——— = - =0,
r—3 z—=3x+ 3 (8
so x = 3 is removable.
At x = -3: 5
lim F(z) = lim x;,
z——3 z—-31+ 3
denominator — 0 but numerator — —6 # 0, so x = —3 is a vertical asymptote. One-sided behavior:

asxr — —3T, 2+3 - 0" and z —3 - —6, so F(z) = —oc0. Asx — -3, z+3 — 0~ and
x—3— —6,s0 F(x) = +o0.

‘Discontinuities at x = 4+3; removable at 3, vertical asymptote at — 3.

Problem 9 (co — oo rationalization)
Compute

lim (\/ 422 + T — 21:) .

T—00

Solution. Rationalize:

\/m 9y — (4%2 + 7$) — (2$)2 o 71’
VAx? + T + 2 Var? + 7x + 22

Divide numerator and denominator by x (with = > 0):

o T 7
7
1

Problem 10 (Horizontal asymptotes: different at +00)
Find the horizontal asymptote(s) of

g(x) =z — 22+ 62 +5.

Solution. Consider x — co and x — —oo separately.

As z — oo: rationalize:

2

(2 Gy
I s oS (x +6:c+5): 6x — 5 '
r+Vr2+6z+5 zTH+Vri+6x+5

Divide top and bottom by z (positive):

_g—2 -6
_ z N

1+ /1+8+ 5

5




So y = —3 is a horizontal asymptote as x — oo.

As £ — —o0: again
—6x — 5

x4+ Va2 +6z+5
Now Va2 + 6z +5 = [#]{/1 4+ S + 2 and for  — —o0, || = —2. So the denominator behaves like

e el () R (-a) 1= 0,
so we must be careful: use the original form with |x| explicitly:

6 5
—r— 14 =42,
g(x) =z — |z tot 3

For z — —o0, || = —z, hence

g(x) =z — (—x)4/1 ——x—i—x\/l—i—g—i—%.
r
x(l 14+ - +5>

As x — —o0, the bracket — 1+ 1 =2, so g(x) ~ 2z — —oo. Thus there is no horizontal asymptote
as x — —oo.

Factor x:

’Horizontal asymptote: y = —3 (only as x — o0). ‘

Many expressions with vz - behave differently at +0o0 and —oo because vVz? = |z|.

Problem 11 (Concept check: asymptotes and crossing)

Decide whether each statement is always true. If not, give a counterexample.

(a) If f has a vertical asymptote at = a, then f(a) must be undefined.
(b) A function can never cross its horizontal asymptote.

Solution.

(a) Not always true. Example:

_Ja = #0,
f(x){7, x=0.

Then = = 0 is a vertical asymptote (since limz_,o 1/ = +00) but f(0) is defined.



sin x

for x # 0 and f(0) = 1. It has horizontal asymptote

y =0 as z — oo, and it crosses y = 0 at x = nw (for integers n # 0).

(b) Not always true. Example: f(z) =

‘Both statements are not always true. ‘




