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Chapter 1

Lecture 1

1.1 Introduction

What is a time series?

Definition 1.1: Time Series

A time series is a set of observations xt, each one being recorded at a specific time t. Equivalently,
it is a collection of data {xt} observed sequentially in time.

The corresponding random variables are denoted Xt. The time index t belongs to some discrete
index set T , typically equally spaced:

T = {1, 2, . . . , n}.

Unequally spaced indices also arise in practice (for example, stock-market data has no observations
on weekends and holidays). It is useful to think of {xt} as a realization of some stochastic (random)
process {Xt} at distinct points in time.

Time series vs. stochastic process

Definition 1.2: Discrete Time Series

A discrete time series is one in which the set T of times at which observations are made is a
discrete set.

Time series data are almost always measured in discrete time, even when the underlying process
is continuous.

Definition 1.3: Stochastic Process

A stochastic process is a collection of random variables, denoted {Xt : t ∈ T }, that models the
evolution of a system over time. (not one RV collection of RVs)

The index set for a stochastic process can be discrete or continuous (e.g. T = (0,∞)). A
continuous-time stochastic process {Xt} can generate a discrete time series by:

• Sampling: observe Xt at t = 1, 2, . . . , n.

• Aggregating: aggregate over intervals xt =
∫ t
t−1Xs ds.

3
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In the case of stock markets the data gets updated in milliseconds so extremely noisy use
of aggregation is preferred over sampling for example: VWAP (Volume Weighted Average
Price) is a trading benchmark giving the average price weighted by volume, calculated as VWAP =∑n

i=1
Pi·Vi∑n

i=1
Vi

, where Pi is the typical price H+L+C
3 and Vi is the volume of trade i. Prices above

VWAP signal bullish sentiment, below signal bearish; institutions use it as an execution benchmark.
However for longer periods of stock market analysis we use smapling.

Time series vs. classical statistics

Classical Statistics considers a simple random sample (i.i.d.) X1, . . . , Xn
iid∼ F . Reordering the

samples has no impact.
Time Series Analysis considers X1, . . . , XT , where Xt denotes the observation at time t —

the observations are ordered in time and cannot be reordered.
The main differences are:

1. Dependence vs. independence: successive observations are correlated (autocorrelation),
not independent.

2. Single realization vs. replication: we observe only one realization of {Xt} (TSA), not
repeated independent copies (LR).

3. Purposes of models: description, forecasting, control — not just inference about a population
parameter.

Goals of time series analysis

The basic idea of time series modeling is to find a stochastic process whose characteristics are similar
to the observed time series.

1. Description. Use data to understand the structure of the underlying process. Does not
necessarily require a formal model.

2. Prediction / Forecasting. Use past and present data to predict future values. Easier said
than done — requires careful model selection.

3. Control. Adjust inputs to steer future values of the series toward desired targets.

• Example: rebalance the weight of stocks in an investment portfolio.

• Example: adjust water level behind a dam to regulate streamflow.

Characteristics of time series

The primary objective of time series analysis is to develop mathematical models that provide
plausible descriptions for sample data. When considering time series, one needs to deal with:

1. Heterogeneity in data

• Time trends.

• Seasonality.

• Heteroskedasticity.

2. Serial dependence / serial correlation. Observations that are temporally close are most
likely dependent in some way.
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(a) Time increasing quadratic trend (b) Seasonality
(c) Heteroskedasticity (non-constant
variance

Figure 1.1: Real-world examples of heterogeneity in data

Application: modeling financial data

A prominent application of time series is modeling financial data, e.g. daily stock price, interest
rate, exchange rate. The good news : data are abundant and at very high frequency. The challenge:
modeling can be very difficult.

The classical time series model is

xt = gθ
(
xt−1, xt−2, . . .
︸ ︷︷ ︸

past

)
+ εt, εt

iid∼ N(0, σ2).

Two implications of this model often fail for financial data:

• Gaussian εt implies light tails (compared to t distribution) — few extreme values.

• If gθ is not too non-linear, then {xt} looks the same even if the sequence of observations is
reversed. (xt−1, xt−2, . . . , xt−k) vs. (xt−k, xt−k+1, . . . , xt−1)

(a) AR(1) process xt = 0.95xt−1 + εt with εt
iid
∼ N(0, 1).

Extreme values are rare.

(b) AR(1) process xt = 0.95xt−1 + εt with εt
iid
∼ t(2)

(Student’s t). Occasional extreme spikes are clearly visible
— a feature common in financial returns.

Figure 1.2: heavy-tailed distributions (Student’s t) allow for extreme values that are virtually absent under
Gaussian innovations.
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Challenges in modeling financial data

Real financial data typically exhibit:

• Heavy tails: far more extreme values than one would expect under a Gaussian model.

• Conditional heteroscedasticity: the variance of the noise εt depends on past values of xt
— volatility clustering (periods of high volatility followed by periods of low volatility).

• Economic interventions: structural breaks, regime changes, crises (e.g. financial crisis of
2008, COVID crash in 2020).

Specialized models that address these issues include:

• ARCH / GARCH models for conditional heteroscedasticity.

• Heavy-tailed innovations (Student’s t, stable distributions).

• Regime-switching and jump-diffusion models.

Modeling approaches

Time series analysis is usually compartmentalized into two approaches:

1. Time Domain. Analyze time series data with respect to time. Models express explicitly how
{xt} varies over time. Current and future values of the series are functions of the past values:

xt = f(xt−1, . . . , xt−p) + εt,

e.g. autoregressive models.

2. Frequency (Spectral) Domain. Analyze time series data with respect to frequency (i.e.
cycles in the data). Models for {xt} represent its periodic behavior using a series of random
sinusoids:

xt =
∑

j

{
Aj cos(2πωjt) +Bj sin(2πωjt)

}
,

where {ωj} are frequencies and {Aj}, {Bj} are random variables. If t ∈ T = {0,∆, 2∆, . . .},
then ωj ∈ [0, 1/(2∆)]. Note: No error terms errors are inside Aj and Bj .

Time domain vs. frequency domain

Which approach is better? Both give different insights, and both can be very useful.

• Time-domain approaches allow us to determine how the future “depends” on the past. More
common in practice for forecasting (e.g. predicting stock prices).

• Frequency-domain approaches are useful for identifying hidden cycles in data. More
common for analyzing historical data for cycles (e.g. recessions in economic data).

Generally, for any frequency-domain method/concept there is an equivalent time-domain method/-
concept (and vice versa):

autocovariance function
︸ ︷︷ ︸

time domain

⇐⇒ spectral density function
︸ ︷︷ ︸

frequency domain

.

This course puts more emphasis on the time-domain approach.
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1.2 Patterns and Decomposition

Time series patterns

When analyzing a time series plot, we look for four fundamental patterns:

1. Trend (mt): a long-term increase or decrease in the level of the series.

2. Seasonal (St): a pattern affected by seasonal factors such as time of year, day, or week.
Typically a fixed and known frequency.

3. Cyclic (Ct): rises and falls of non-fixed frequency, typically driven by economic or business
cycles. Typically span at least two years. Often combined with trend.

4. Random (Rt): the residual variation after accounting for the other three components.

Key distinction: seasonal patterns have a fixed, predictable period; cyclic patterns do not.

Pattern: trend

A trend exists when the data show a gradual, long-run shift to higher or lower values. It can be
linear, quadratic, or more general (for example, the global mean temperature increasing over 150
years).

Figure 1.3: US treasury bill contracts. Trend: downward. Seasonality: none apparent. Cyclic: none
(although it might exist at a longer horizon).

Pattern: seasonality

A seasonal pattern exists when the series exhibits a regular, repeating pattern at a fixed and
known period s. Common periods are s = 12 (monthly data) and s = 4 (quarterly data). Examples
include peaks in winter electricity demand.

Figure 1.4: Australian quarterly electricity production. Trend: clear upward. Seasonality: strong. Cyclic:
none apparent.
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Pattern: cyclic variation

A cyclic pattern exists when the series exhibits rises and falls that are not of a fixed frequency,
typically driven by economic or business cycles. Duration varies, usually at least two years but can
be much longer. Cycles are harder to model because the period is unknown. Examples include
housing prices and GDP growth cycles.

Figure 1.5: We see overall cyclic pattern with seasonality in smaller increments than cycles

Pattern: random component

The random component is the residual variation after accounting for the other three components.
It has no predetermined pattern or shape.

Figure 1.6: Dow Jones Industrial Average (DJIA) returns. Trend: none. Seasonality: none. Cyclic: none.
However, it exhibits volatility clustering.

Combined patterns

Many real series exhibit multiple patterns simultaneously. For example, monthly international
air-passenger numbers (1949–1960) show both an upward trend and strong quarterly seasonality.
The seasonal amplitude grows with the level — a sign that a multiplicative decomposition may be
more appropriate than an additive one.
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Figure 1.7: Trend + seasonality. Also notice that the amplitude of seasonality changes → multiplicative
model (as t ↑, mt ↑⇒ mt · St ↑).

Classical decomposition: additive model

The classical approach decomposes a time series into four components:

xt = mt + St + Ct +Rt

• mt — Trend: long-term level or direction.

• St — Seasonal: fixed-period repeating fluctuation.

• Ct — Cyclic: medium-term irregular oscillation.

• Rt — Random/Irregular: unpredictable residual component.

The first three components are deterministic, whereas the last is not.
A multiplicative form

xt = mt · St · Ct ·Rt

is used when the amplitude of fluctuations grows proportionally with the level (a log-transform
converts it back to additive). (mt · St increases the amplitude which isn’t captured in additive
model)

Figure 1.8: Decomposition: 1) observed, 2) trend, 3) seasonality (no error deterministic), 4) Stochastic error
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1.3 Classical Regression

Simple forecasting approaches

The simplest forecasting approaches are called naive methods:

• Last value: x̂T+h = xT for all horizons h.

• Average: x̂T+h = x̄ = 1
T

∑T
t=1 xt.

These serve as benchmarks — a “good” model should beat them.

Classical regression

We may extend the idea of linear regression to the time series context by assuming

• some output or dependent time series, say xt, for t = 1, . . . , n,

• is being influenced by a collection of possible inputs or independent series, say zt1, zt2, . . . , ztq,
(First discrepancy in MLR the predictors should be independent and not correlated but time
series violates it)

where we first regard the inputs as fixed and known. We express this relation through the linear
regression model

xt = β0 + β1zt1 + β2zt2 + · · ·+ βqztq + wt,

where wt
iid∼ (0, σ2w) is the random error. (Second discrepancy is that we dont have constant variance

in time series)

Capturing patterns via regression

• A linear trend is captured by setting zt1 = t:

xt = β0 + β1t+ wt.

• A quadratic trend is captured by setting zt1 = t, zt2 = t2:

xt = β0 + β1t+ β2t
2 + wt.

• Seasonality is captured by adding d− 1 quarterly/monthly dummy variables (if period of
seasonality = d), zt,k = I{t=period k}:

xt = β0 + δt+ β1zt,1 + · · ·+ βd−1zt,d−1 + wt.

For example in Figure 1.9 we have 12 months for seasonality ⇒ 11 dummy variables ztj , j ∈
{0, 1, . . . , 11}. January will have ztj = 0 for all values of j.

• Cyclicity can be approximated as a sum of sinusoids at different frequencies:

xt = β0 +
∑

j

{
βj cos(2πωjt) + γj sin(2πωjt)

}
+ wt.

Question: How do we formally test for the presence of such behavior? Hypothesis testing for
significance of coefficients.
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Air passengers: raw model

(a) Regression fit using linear trend
and monthly dummy variables (orig-
inal scale). Red dashed: fitted val-
ues; black: observed past; blue: ob-
served future.

(b) Diagnostic plots: residual QQ plot (left) and residuals versus fitted
(right). Residuals show clear heteroscedasticity — variance grows with
level.

Figure 1.9: Not perfect model and we see non-zero variances in residual plot +deviation from linearity in
Q-Q plot

Log-transformed model

(a) Regression fit with linear trend
and monthly dummies on log-
transformed data. The seasonal am-
plitude is now stable.

(b) Diagnostics for the log-transformed model. Residuals are much
better behaved: near-normal QQ plot and no obvious heteroscedasticity.

Figure 1.10: The residuals improved but we see a bit of clustering → left most side only negative residuals
and just to the right of it only positive residuals

Box–Cox transformations

When variance grows with the level, a variance-stabilizing transformation is needed. The
Box–Cox family is

yt =







log(xt) if λ = 0,

sign(xt) |xt|λ − 1

λ
otherwise.

• λ = 1: no transformation (identity).
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• λ = 0: natural log (most common for positive data).

• λ = 0.5: square-root transformation.

• λ is typically estimated from the data by maximum likelihood. (profile log-likelihood)

Figure 1.11: Profile log-likelihood for λ on the air-passenger data. The MLE is close to λ = 0 (log
transformation), with a 95% confidence interval shown. So we shouldn’t expect much difference between
Box-cox and log transformation for this scenario

(a) Regression fit with trend and
monthly dummies on Box–Cox
transformed data (λ̂ ≈ 0).

(b) Diagnostics for the Box–Cox transformed model the most improved
non correlated zero variance residual plot.

Figure 1.12: Box–Cox transformed has similar results to the log model, confirming λ ≈ 0 is appropriate.

Linear model considerations

Typical issues when fitting linear regression to time series:

• Multicollinearity: trend and seasonal dummies can be highly correlated; use orthogonal
coding or regularization. Leftover autocorrelation means we have not captured all structure

• Model selection: choose among competing trend/seasonal specifications using AIC, BIC, or
cross-validation.

• Model evaluation: residuals should be

– uncorrelated (check with the ACF plot), and

– mean zero (no systematic pattern).
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Remark 1.1: Residual Plot

uncorrelated (check with the ACF plot), and mean zero (no systematic pattern).
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Lecture 2

2.1 Detrending and Differencing

Signal + noise decomposition

The general logic underlying classical models: suppose xt is generated by

xt = st + εt,

where

1. st is a deterministic signal/trend (estimated by regression),

2. εt is stochastic noise/error with E[εt] = 0, (not white noise, white noise is the ideal case)

3. εt = g(ϵt, ϵt−1, . . .) where {ϵi} are i.i.d. random variables (also called innovations or shocks).
Function of previous shocks

If we can estimate st and model εt, we can:

• Perform prediction and forecasting.

• Quantify uncertainty around forecasts.

• Conduct inference (hypothesis tests, confidence intervals).

Detrending

Definition 2.1: Detrending

Detrending a time series constitutes computing the residuals after estimating the signal/trend
component. A detrended time series is the series of such residuals.

Components that may constitute the “trend” st:

• Trend: long-term direction (linear, polynomial, or nonparametric).

• Seasonal: fixed-period repeating fluctuation.

• Cyclic: irregular medium-term oscillation.

Do not confuse the seasonal component St with the trend st above.

xt = St + εt

Estimate St: ε̂t = xt − Ŝt (estimated residual after getting rid of the trend component)

14
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(a) OLS estimate of a linear trend overlaid on global
temperature deviations. (b) Residuals after removing the linear OLS trend

Figure 2.1: a “detrended” time series. Structure remains — residuals are not white noise.

Figure 2.2: Left: quadratic trend fit to global temperature data. Right: corresponding residuals — more
symmetric and closer to white noise than with the linear fit.

Other classical approaches

Beyond regression-based detrending, two other common approaches:

• Detrending: fit a parametric trend ŝt (polynomial, spline, etc.) and work with residuals
xt − ŝt.

• Differencing: instead of estimating a trend, remove it by taking successive differences.

Both are typically combined with regression for seasonal components, though seasonality can also
be eliminated by differencing.

2.2 Example Models

Theoretical example: white noise

The simplest series is a collection of uncorrelated random variables wt (Cov(wi, wj) = 0 ∀ i ̸= j)
with mean 0 and finite variance σ2w.

Definition 2.2: White Noise

The time series {wt} is called white noise if the wt are uncorrelated random variables with
mean 0 and finite variance σ2w.
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• We denote it wt ∼ wn(0, σ2w), or simply wt
iid∼ (0, σ2w). (can be from any ditribution)

• If additionally wt ∼ N(0, σ2w), we call wt Gaussian white noise: wt
iid∼ N(0, σ2w).

• White noise is the “ideal” residual — what we want to be left with after fitting a model. (But
that is not always. In the definition of time series the only constraint on error is mean zero)
(we say that white noise is ideal because there is no more trend that can be exploited from it)

Theoretical example: random walk

Another simple example is the series in which each value xt equals the previous one xt−1 plus some
random shock.

Definition 2.3: Random Walk

The random walk model is

xt = xt−1 + wt for t = 1, 2, . . .

with initial condition x0 = 0 and wt white noise.

The random walk with drift generalizes this:

xt = δ + xt−1 + wt, so xt = δt+ x0 +
t∑

i=1

wi,

where δ is the drift. The cumulative sum makes xt very persistent. According to the random-walk
hypothesis, stock prices fluctuate randomly and it is impossible to predict future prices based on
past trends — the “efficient market” hypothesis. (st = st−1 + wt) Evidently the error term in this
model is itself a random walk, and hence is somewhat erratic.

(a) Three independent random-walk realizations. De-
spite sharing no common trend, they can look decep-
tively “trendy”. (All three don’t have drifts)

(b) Random walk with drift (teal, δ > 0) vs. the
undrifted random walk (orange). The dotted line
shows the deterministic drift δt.

Figure 2.3: Random walks: Can be deceptive
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Random Walk with Drift: xt = δ + xt−1 + wt

t = 1 : x1 = δ + w1

t = 2 : x2 = δ + x1 + w2 = 2δ + w1 + w2

...

t = n : xn = δ + xn−1 + wn = nδ + w1 + w2 + · · ·+ wn

Var(xn) = Var(nδ + w1 + w2 + · · ·+ wn)

= Var(w1) + Var(w2) + · · ·+Var(wn)

= nσ2w

Note: The drift term nδ is deterministic, so it contributes nothing to the variance. So the variance
is same if there was no drift. The cross-covariance terms vanish because wi, wj are uncorrelated for
i ̸= j.

Random walk with drift: differencing

• Detrending a random walk with drift by regression does not work well. Why?

• Because the error term is itself a random walk (non-stationary –¿ non constant mean and non
constant variance).

• doesn’t have constant variance

• residuals have non-zero covariances

• We may turn to another way.

Differencing works! Under the random walk model,

∇xt = xt − xt−1 = δ + εt,

so the sequence of first differences should look like a mean-shifted, white-noise sequence. (shifted by
δ)

Figure 2.4: First difference of a random-walk-with-drift series: the differenced series fluctuates around the
constant δ.



Chapter 2. Lecture 2 18

Differencing

Definition 2.4: Lag (Backshift) Operator B

The lag operator B gives the lagged values of the time series:

Byt = yt−1, B2yt = yt−2, Bkyt = yt−k.

Definition 2.5: Differencing

Differencing a time series constitutes computing the difference between successive terms. The
first-difference operator ∇ is defined by

∇xt = xt − xt−1 = (1−B)xt.

The resulting series x2 − x1, x3 − x2, . . . , xT − xT−1 has length T − 1. Higher-order differences
are defined recursively:

∇dxt = ∇d−1(∇xt) = (1−B)dxt.

Figure 2.5: Left: global temperature deviations. Right: first differences ∇xt. The differenced series shows
no apparent trend and fluctuates around zero.

Example of higher order differencing:

∇xt = xt − xt−1

∇2xt = ∇(∇xt)
= ∇(xt − xt−1)

= (xt − xt−1)− (xt−1 − xt−2)

= xt − 2xt−1 + xt−2
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Why differencing eliminates polynomial trends

• If the trend is linear: mt = a+ bt, then

∇mt = mt −mt−1 = b (constant — trend gone).

• If the trend is quadratic: mt = a+ bt+ ct2, then ∇2mt = 2c.

• General rule: if mt = a0 + a1t+ · · ·+ akt
k is a polynomial of degree k, then ∇kmt = k! ak

(a constant), so k differences remove the trend entirely.

For xt = mt + εt with polynomial trend of degree k:

Zt = ∇kxt = k! ak +∇kεt,

so E(Zt) = k! ak is a constant — no trend in Zt.
Caveat: each differencing step increases Var(Zt), so we test for remaining trend after each

step to prevent unnecessary differencing.

Variance under repeated differencing

Let E(εt) = 0, Var(εt) = σ2, and Cov(εt, εs) = 0 for t ̸= s.

• ∇εt = εt − εt−1 ⇒ Var(∇εt) = 2σ2.

• ∇2εt = εt − 2εt−1 + εt−2 ⇒ Var(∇2εt) = 6σ2.

• For k = 2: Var(Zt) = σ2 + 4σ2 + σ2 = 6σ2.

Remark 2.1: Key Point

Each differencing step inflates the variance. After differencing k times, we test whether any
trend remains before differencing again.

2.3 Seasonality Elimination

Seasonal component

Definition 2.6: Seasonal Component

{st} is a seasonal component of period d if it is periodic with period d and sums to zero over
each complete cycle:

· · · = st−2d = st−d = st = st+d = · · · and

d∑

j=1

sj = 0.

• Why
∑d

j=1 sj = 0? The seasonal effects must average to zero over a full cycle so that
the trend mt represents the true long-run mean level of xt. Without this constraint, any
non-zero average of st would be absorbed into mt, making the decomposition non-unique
(identifiability constraint).

• For monthly data with d = 12, re-index time as t = 12(j − 1) + k:

– j = 1, 2, . . . , J — year index,

– k = 1, 2, . . . , 12 — month index within year,

so yt ≡ yj,k is the observation in month k of year j.
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Eliminating trend and seasonality by differencing

The classical additive model decomposes the series as

xt = mt + st + εt, E(εt) = 0, Var(εt) = σ2 <∞.

The seasonal difference operator. Define

∇dxt = xt − xt−d.

Applied to the additive model, the seasonal component vanishes by the identifiability constraint:

∇dxt = (mt −mt−d)
︸ ︷︷ ︸

reduced trend

+ (st − st−d)
︸ ︷︷ ︸

=0

+ (εt − εt−d).

So ∇d removes seasonality. Whether it also removes the trend depends on the shape of mt.

Effect on a polynomial trend. If mt = a + bt is linear, a single seasonal difference kills the
trend entirely:

∇dmt = (a+ bt)−
(
a+ b(t− d)

)
= bd,

a constant. But if the trend is quadratic, mt = a+ bt+ ct2, then

∇dmt = (bd− cd2) + 2cd t,

which still contains a linear-in-t term, so a trend remains.

Remark 2.2: Note

After applying ∇d, the result Zt = ∇dxt may or may not still depend on t — it depends entirely
on whether the reduced trend (mt −mt−d) is constant.

Remedies for higher-order trends. To fully remove a quadratic trend we can apply any one of
the following (each uses two differencing operations in total):

• one ordinary second difference, ∇2xt;

• one seasonal difference followed by one ordinary difference, ∇∇dxt;

• one second-order seasonal difference, ∇2
dxt = xt − 2xt−d + xt−2d.

General rule. Each application of ∇ or ∇d reduces the polynomial degree of the trend by one. A
degree-p polynomial trend therefore requires p differencing operations in total, in any combination
of ordinary and seasonal differences.
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Figure 2.6: Seasonal differencing (d = 12) removes annual seasonality, leaving only residual trend (slightly
positive if any) and random component.

Differencing vs. Detrending

Detrending and differencing are two ways of reducing a time series to a stationary process (we will
see next week).
Pros of differencing over detrending:

• No parameters to estimate; works even for stochastic trends (random walks).

• Higher-order differencing can reduce even very “trendy” series to look like white noise.

Cons of differencing:

• “Washes away” useful features and can introduce more complex autocorrelation / temporal
structure in the differenced series.

• The trend component of a series may be of practical interest, and if well estimated may
lead to better long-horizon prediction of the series. Discarding it via differencing loses that
information.

In practice: unit-root tests (Augmented Dickey–Fuller, KPSS) help determine whether the time
series is stationary. If not, detrending or differencing may be appropriate.

2.4 Overview: Time Series Decomposition

Decomposition of time series

Recall that we may consider a time series xt as generated by

xt = st + εt,

where

• st is a deterministic signal/trend,

• εt is stochastic noise or error, with E[εt] = 0.

This motivates two broad approaches:

1. Applying classical regression methods to time series — specify a parametric form for st.

2. The smoothing approach — estimate st non-parametrically.



Chapter 2. Lecture 2 22

The process of decomposition and smoothing

Figure 2.7: A smoother applied to the combined signal+noise recovers the underlying signal.

• More smoothing

– removes noise

– gives a cleaner trend

– but loses local structure/details

• Less smoothing

– preserves more information and short-term patterns

– but may also preserve noise

2.5 Smoothing Approaches

Moving average trend estimation / smoothing

Let q ≥ 0 be any non-negative integer. Define the (2q + 1)-point MA:

m̂t =
1

2q + 1

q
∑

j=−q

xt+j , q + 1 ≤ t ≤ n− q.

Each of the 2q + 1 observations in the window receives weight 1
2q+1 .

Remark 2.3: Remarks

(i) This is an equal-weighted, two-sided MA estimate of trend.

(ii) No trend estimates for the first and last q time points.

(iii) End-point estimates can be recovered using symmetric padding.

(iv) MA is a low-pass filter: Var(m̂t) < Var(xt).

(v) This is a non-causal filter as it peeks into the future.

(vi) A causal filter can be defined by looking at just the q past values.
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MA as a low-pass filter

In general, the MA estimate can be written as a filtered series. Clearly, the variance in the smoothed
series is less than the observed series.

m̂t =

∞∑

j=−∞

aj xt+j , aj =







1

2q + 1
|j| ≤ q,

0 otherwise.

Figure 2.8: (2q + 1)-point MA trend estimate smooths out high-frequency noise.

Disadvantages of equal-weight MA

1. Missing endpoints: no trend estimates for the first and last q time points without padding.

2. Equal weights: all 2q+1 observations in the window receive the same weight — no preference
for more recent data.

This motivates the Exponentially Weighted MA (EWMA) / Simple Exponential Smooth-
ing (SES), which addresses the second issue.

Naive forecasts and their interpretation

Introduction: exponential smoothing can be understood as lying between two extreme forecasting
rules (naive methods).

For a time series X1, . . . , Xt, consider:

• Last value forecast
x̂t+1 = xt.

– Uses only the most recent observation.

– Corresponds to the random walk model: Xt = Xt−1 + εt, εt ∼WN(0, σ2).

– Optimal forecast: E[Xt+1 | Ft] = Xt.

– Equivalent weights: x̂t+1 = 1 ·Xt + 0 ·Xt−1 + · · ·+ 0 ·X1.

• Sample mean forecast

x̂t+1 = x̄ =
1

t

t∑

j=1

xj .

– Uses all past observations equally.

– Corresponds to the white noise model: Xt ∼WN(µ, σ2).

– Optimal forecast: E[Xt+1 | Ft] = µ ≈ X̄.

– Equivalent weights: X̂t+1 =
1
tXt +

1
tXt−1 + · · ·+ 1

tX1.
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Remark 2.4: Key Insight

They represent two extremes:

• Random walk → full persistence (recent data dominates).

• White noise → no dependence (all data equally informative).

Exponential smoothing (ES) — the intuition

ES finds a middle ground between two extremes.

• The random walk says “the future is just like the most recent past”.

• The mean prediction says “the future is just like the long-run average”.

Neither is right in general. ES instead says: “the future is a weighted average of everything we
have seen, but recent data matters more than old data.” The fitted value is a weighted sum of past
observations:

x̂t+1 = αtxt + αt−1xt−1 + · · ·+ α0x0.

Desired properties of weights:

• Newer observations should receive higher weight.

• Older observations should receive lower weight.

Simple exponential smoothing (SES)

Definition 2.7: Simple (First-Order) Exponential Smoothing

x̂t+1 = αxt + α(1− α)xt−1 + α(1− α)2xt−2 + · · · , 0 < α < 1.

The smoothing parameter α is the dial between the two extremes.

1. A high α makes the model reactive and responsive to recent changes, at the cost of being
noisy.

2. A low α makes the model stable and smooth, at the cost of being slow to pick up genuine
shifts in the series.

The optimal α is learned from the data itself by minimising forecast errors.
Equivalently, the smoothed series is characterised by the level ℓt:

Definition 2.8: Simple Exponential Smoothing (State-Space Form)

Forecast equation: x̂t+1 = ℓt

Smoothing equation: ℓt = αxt + (1− α)ℓt−1

Initial condition: ℓ0 initialised

The parameters (α, ℓ0) are estimated by minimising the one-step-ahead forecast errors:

(α̂, ℓ̂0) = argmin
0≤α≤1, ℓ0

n∑

t=1

(
xt − ℓt−1(α, ℓ0)

)2
.
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• This is not linear regression: the objective is non-linear in α because ℓt−1 itself depends on
α through the recursion.

• No closed-form solution exists; use numerical optimisation (e.g. grid search: fix α, compute
ℓt recursively, evaluate the SSE, repeat).

Exponentially Weighted Moving Average (EWMA) vs. equal-weight MA

Figure 2.9: EWMA adapts more quickly to local changes; equal-weight MA is much smoother but doesn’t
capture changes and lags at endpoints.

Shortcomings of SES / EWMA

• The key limitation is that SES only tracks the current level of the series.

• If the data is consistently rising or falling (trend), SES will always lag behind.

• It has no memory of direction / trend, only of position.

This is what double exponential smoothing fixes. It captures the trend.

Double exponential smoothing — the intuition I

Think of double smoothing like describing a moving car:

• To predict where the car will be in five minutes, you need to know not just where it is now
(the level), but also how fast it is going and in which direction (the slope). SES only tracks
position; Holt’s method tracks both position and velocity.

• The level equation blends the raw new observation with your prior prediction of where the
series should be right now — that is, the last level plus the last slope.

• The slope equation blends what the slope actually turned out to be this period (the change
in level) with your prior belief about the slope.

• Both components learn continuously from new data, each at their own learning rate: α for
the level and β for the slope.

Double exponential smoothing (Holt’s method)

Extends SES to capture a linear trend by tracking both a level ℓt and a slope bt:
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Definition 2.9: Holt’s Method

Forecast equation: x̂t+h = ℓt + h bt

x̂t+1 = ℓt + bt

Level equation: ℓt = αxt + (1− α)(ℓt−1 + bt−1)

Trend / Slope equation: bt = β(ℓt − ℓt−1) + (1− β)bt−1

• α ∈ [0, 1] controls how quickly the level adapts to new observations; β ∈ [0, 1] controls how
quickly the slope adapts.

Double exponential smoothing — the intuition II

• Forecasting is then simply extrapolation: start at the current level and project forward in
the direction of the current slope.

• The further ahead you forecast, the more the slope matters — and the more uncertainty
accumulates. This is why prediction intervals widen as the forecast horizon grows.

Holt’s method — multi-step forecasting

The parameters (α, ℓ0) are estimated by minimising the one-step-ahead forecast errors.

• b0 is the initial estimate of the slope.

• ℓ0 is the initial estimate of the level.

Remark 2.5: h-step ahead forecast

Forecast equation:
x̂t+h = ℓt + h bt, x̂t+1 = ℓt + bt,

where ℓt is the last smoothed level and bt is the most updated estimate of the slope.

Also known as second-order exponential smoothing or linear trend smoothing.

Holt–Winters — the intuition

Holt–Winters adds a third layer of memory to Holt’s method: the seasonal fingerprint of the
series.

• The model maintains a separate seasonal factor for each position in the cycle — twelve
factors for monthly data with yearly seasonality, seven for daily data with weekly seasonality,
and so on. These factors encode the typical deviation from the trend at each point in the
cycle, and they are updated each time that position in the cycle comes around again.

• The level equation first strips out the current seasonal effect before updating the level, so
that seasonal swings do not contaminate the estimate of the underlying trend.

• The trend equation stays the same.

• The seasonal equation measures the “seasonal surprise” — how much of the current
observation is left unexplained after removing the level and trend — and uses this residual to
keep the seasonal factors current.



Chapter 2. Lecture 2 27

x̂t+1 = ℓt + bt + St+1−p

Triple exponential smoothing (Holt–Winters)

Extends Holt’s method to capture both a linear trend and seasonality of period p, by additionally
tracking a seasonal component st:

Definition 2.10: Holt–Winters Method

Forecast equation: x̂t+1 = ℓt + bt + st+1−p

Level equation: ℓt = α(xt − st−p) + (1− α)(ℓt−1 + bt−1)

Trend equation: bt = β(ℓt − ℓt−1) + (1− β)bt−1

Seasonal equation: st = γ(xt − ℓt−1 − bt−1) + (1− γ)st−p

• α ∈ [0, 1] governs level adaptation, β ∈ [0, 1] governs slope adaptation, and γ ∈ [0, 1] governs
seasonal adaptation.

• The parameters (α, β, γ, ℓ0, b0, s0, s−1, . . . , s−p+1) are estimated jointly by minimising the sum
of squared one-step-ahead forecast errors.

Holt–Winters — multi-step forecasting

For a forecast h steps ahead from the end of the observed series at time t, define

k =

⌊
h− 1

p

⌋

,

which gives the number of complete seasonal cycles that fit between the current time and the
forecast horizon. The multi-step forecast is then:

Remark 2.6: h-Step-Ahead Forecast Equation

x̂t+h = ℓt + h bt + st+h−p(k+1).

• ℓt + h bt extrapolates the current level forward along the estimated linear trend, exactly as in
Holt’s method.

• st+h−p(k+1) looks up the stored seasonal factor for the corresponding position in the cycle at
the forecast horizon. The index t+ h− p(k+ 1) always falls within the last observed complete
cycle, ensuring we reuse the most recently estimated seasonal factor for that season.

Holt–Winters — the intuition II

• Forecasting projects the trend forward as in Holt’s method, then adds back the appropriate
stored seasonal factor for the target future time of year.

• This is why Holt–Winters produces forecasts with the correct seasonal shape: it reads off
the learned seasonal pattern from memory rather than guessing.

• Also known as third-order or trend-plus-seasonality smoothing.
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To forecast at time t+ 1:

(i) Use the latest available estimate of trend & level, i.e. ℓt and bt.

(ii) Use the latest available estimate of that position/period in the cycle.

• We need to use the position/period corresponding to t + 1 (i.e. t + 1 or t + 1 − p or
t+ 1− 2p, . . .).

• We cannot use St (although that’s the most updated among all seasonal components)
because it corresponds to a different position in the cycle.

• We can’t use St+1 because we have not yet estimated it based on data up to time t.

• So we use the latest available estimate of that position, which happens to be St+1−p —
this was updated upon observing xt+1−p.

(a) Trend and seasonal decomposition of monthly mor-
tality data. (b) 10-month ahead forecast with 95% prediction interval.

Figure 2.10: The CI widens as h increases

Another view of exponential smoothing

Two complementary interpretations:

1. Weighted average view: In exponential smoothing, forecasts are weighted averages of past
observations, weights decaying exponentially as observations get older.

2. State-space view: Alternatively, we can view the observed data as combinations of hidden
states (level, trend, seasonal). The model provides equations for how each unobserved
component / state evolves over time.

2.6 ETS State Space Models

Following the state-space view, exponential smoothing is a special case of the ETS framework,
which considers equations for the following factors / states: Error Trend Seasonality

• The ETS state space models provide a broader framework, and the exponential smoothing
model is one example within the framework.

• For the general ETS models, each component can take one of three forms:

– N — None (component absent).

– A — Additive.

– M — Multiplicative.
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Remark 2.7: Key Special Cases

ETS(A,N,N) Simple exponential smoothing
ETS(A,A,N) Holt’s double smoothing
ETS(A,A,A) Holt–Winters (all additive)
ETS(A,A,M) Holt–Winters (multiplicative seasonality)

Holt–Winters ETS State-space

Figure 2.11: Holt–Winters ⊂ ETS ⊂ state-space models.

ETS models — the intuition

The ETS framework asks a more fundamental question than “which smoothing method should I
use?”: what is the structural form of the error, trend, and seasonality in this series? Answering
that question determines the model completely.

• Additive vs. multiplicative seasonal effects. If monthly sales have a December bump of
roughly +500 units every year regardless of how large the business has grown, the seasonal
effect is additive — it contributes a fixed amount. But if the December bump is always
around 20% of sales, the absolute bump grows with the business, making the seasonal effect
multiplicative. Forcing an additive model onto a multiplicative series produces systematically
wrong forecasts.

• Additive vs. multiplicative errors. Financial returns and prices typically have multi-
plicative errors — the noise is proportional to the level. Temperature readings or physical
measurements often have additive noise of roughly constant absolute size. Choosing the wrong
error structure leads to mis-calibrated prediction intervals.

Why use the ETS framework?

1. Systematic model selection: compare all plausible ETS combinations via AIC/BIC; pick
the best automatically.

2. Rigorous prediction intervals: the explicit probability model lets us derive uncertainty
bounds formally, not heuristically.

3. Additive vs. multiplicative:

• If seasonal swings are roughly constant in size ⇒ additive.

• If swings grow proportionally with the series level ⇒ multiplicative.
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Lecture 3

3.1 Probabilistic Foundations of Time Series

What is a time series?

We have already met a time series informally as a sequence of measurements indexed in time. Before
we can do any modeling, we need a more careful probabilistic definition.

Definition 3.1: Univariate Time Series

A univariate time series is a sequence of measurements of the same variable collected over
time. Most often, measurements are made at regular time intervals.

Key distinctions from classical statistics:

• Data are not necessarily independent and not necessarily identically distributed. (so the i.i.d.
assumption from STA257/261 is out the window)

• Dependence is important — the whole point of time series analysis is to model and exploit
this dependence.

• The ordering matters — shuffling the observations destroys the information.

• Ω: sample space.

• P: probability measure, P : Ω→ [0, 1], ω 7→ P (ω).

• F : sigma-algebra (a collection of subsets of Ω).

A time series is a sequence
{X1, X2, X3, . . .}

where each Xt is a random variable. At each time t, Xt has a certain distribution, and the
distributions at different times may or may not be the same.

Formal probabilistic definition

The informal definition above is fine for plots, but to do probability we need to recognize that each
observation is the realization of a random variable on an underlying probability space.

30
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Definition 3.2: Real-Valued Time Series

Let (Ω,F , P ) be a probability space and T an index set. A real-valued time series is a real-
valued function X(t, ω) defined on T × Ω such that for each fixed t, X(t, ω) ≡ Xt is a random
variable on (Ω,F , P ).

Note: A time series {Xt : t ∈ T } is therefore a collection of random variables, one for each time
point. The single observed sequence {xt} is one realization (one “draw”) from this collection.

The L2 space

Most of the theory in this course — variances, covariances, mean-square convergence — only makes
sense when second moments exist. We restrict attention to the space of random variables with finite
variance.

Definition 3.3: L2 Space

A real-valued time series {Xt, t ∈ Z} is said to be in L2 if E[X2
t ] < ∞ for each t ∈ Z.

Equivalently,
X ∈ L2(Ω,F , P ) ⇐⇒ E(X2) <∞.

• X ∈ L2 implies Var(Xt) <∞ for each t. (finite second moment ⇒ finite variance)

• In general, we assume time series are in L2 throughout the course.

The joint distribution

A complete probabilistic description of a time series is given by its joint distribution function across
all finite collections of time points.

Definition 3.4: Joint Distribution of a Time Series

The joint distribution of a collection of n random variables at arbitrary time points t1, t2, . . . , tn,
for any positive integer n, is provided by the joint distribution function evaluated as the
probability that the values of the series are jointly less than the n constants x1, x2, . . . , xn; i.e.,

Ft1,t2,...,tn(x1, x2, . . . , xn) = P
(
Xt1 ≤ x1, Xt2 ≤ x2, . . . , Xtn ≤ xn

)
.

Unfortunately, these multidimensional distributions cannot be investigated easily unless the
random variables are jointly Gaussian. This motivates working with summary functions — mean,
autocovariance (ACVF), autocorrelation (ACF) — rather than the full joint distribution. (In
Gaussian land, mean and covariance are sufficient statistics, so the summary functions characterize
everything anyway.)

Marginal distribution

Looking at one time point at a time gives us the marginal distribution.
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Definition 3.5: Marginal Distribution

Let Ft(x) be the marginal distribution function of Xt, defined by

Ft(x) = P{Xt ≤ x}.

The corresponding marginal density function is then

ft(x) =
∂Ft(x)

∂x
,

provided that the density exists.

Mean function

Definition 3.6: Mean Function

The mean function of a time series is defined as

µxt = E(Xt) =

∫ ∞

−∞
x ft(x) dx,

provided it exists, where E denotes the usual expected value operator.

Note: When no confusion exists about which time series we are referring to, we drop the
subscript and write µxt as µt. The mean function is, in general, a function of t — it can drift
with time (e.g. the random walk with drift).

3.2 Fundamental Time Series Models

Four fundamental building-block models

Before getting tangled in ARMA, ARIMA, GARCH, etc., it pays to understand the four atomic
models from which everything else is built:

1. White Noise — pure randomness, no serial dependence.

2. Moving Averages — local weighted sums of white noise.

3. Autoregressions — present value depends on past values.

4. Random Walk — cumulative sum of white noise increments.

These are the atoms from which more complex models (ARMA, ARIMA) are built. Understanding
their mean and autocovariance is the foundation of the rest of the course.

White noise

Definition 3.7: White Noise

Suppose {wt, t ∈ Z} is a sequence of i.i.d. random variables with mean zero and variance
E[w2

t ] = σ2w <∞. Then the series {wt} is called a white noise series, written wt ∼WN(0, σ2w).



Chapter 3. Lecture 3 33

Note: wt being uncorrelated (instead of i.i.d.) is sufficient for white noise. The i.i.d.
requirement is stronger than needed — uncorrelatedness + zero mean + finite variance is the bare
minimum.

Definition 3.8: Gaussian White Noise

If additionally wt ∼ N(0, σ2w), then wt is a Gaussian white noise, written wt
iid∼ N(0, σ2w).

White noise is the benchmark of “no structure”. Any model fitted to a series should reduce its
residuals to (approximately) white noise — if structure remains in the residuals, the model has
missed something.

Random walk

Definition 3.9: Random Walk with Drift

The series
xt = δ + xt−1 + εt, εt ∼WN(0, σ2)

is called a random walk with drift series, where δ is the drift.

Unrolling the recursion from x0:

xt = δt+ x0 +
t∑

i=1

εi.

• The process is a deterministic linear trend δt plus an accumulation of all past shocks.

• Because each shock is remembered forever, the variance grows with time — the random
walk is inherently non-stationary. (Var(xt) = tσ2, which depends on t)

Moving average

A moving average is a tool to smooth the series, and a moving average series is a smoothed series
derived from local averaging of the parent series. A moving average of order 3 for the white noise
process wt can be written as

vt =
1

3

(
wt−1 + wt + wt+1

)
.

A more rigorous definition will be given later when we introduce MA(q) models in full generality.

Autoregressive model

An autoregressive series xt is a series where the present value depends on past values of the series.
An example of the autoregressive model (AR of order 2) is

xt = xt−1 − 0.9xt−2 + wt, t = 1, 2, . . . , 500.

A more rigorous definition will be given later.
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Mean of key examples

Let’s flex the mean-function machinery on two of the building blocks.
Example 1 — MA(3):

vt =
1
3(wt−1 + wt + wt+1), wt

iid∼ N(0, σ2w).

µvt =
1
3

[
E(wt−1) + E(wt) + E(wt+1)

]
= 0.

Example 2 — Random Walk (no drift, x0 = 0):

xt = xt−1 + wt, wt
iid∼ N(0, σ2w).

µxt = E(xt−1) + E(wt) = E(x0) +

t∑

i=1

E(wi) = 0.

Remark 3.1: Same mean, different worlds

Both processes have mean zero, yet they behave very differently — the MA(3) is bounded
and stationary, the random walk drifts arbitrarily far from zero. The distinction lies entirely in
their autocovariance structure, which is what we look at next.

3.3 Autocovariance and Autocorrelation

Autocovariance function

The mean function is a first-moment summary — it tells us where the series sits on average at each
time. The autocovariance is the second-moment summary that captures how the series at one time
relates to itself at another time.

Definition 3.10: Autocovariance Function

For a time series xt, the autocovariance function is defined as the second moment product

γx(s, t) = Cov(xs, xt) = E
[
(xs − µs)(xt − µt)

]
, for all s, t.

• γx(s, t) = γx(t, s) — symmetric in s and t.

• At s = t: γx(t, t) = Var(xt). (the autocovariance “at lag 0” is just the variance)

Autocovariance: properties

• The autocovariance measures the linear dependence between two points on the same series
observed at different times.

• Smooth series have autocovariance functions that stay large even when t and s are far
apart. Choppy series tend to have autocovariance functions that are nearly zero for large
separations.

• If γx(s, t) = 0, then xs and xt are not linearly related, but there may still be some dependence
structure between them. If, however, xs and xt are bivariate normal, then γx(s, t) = 0
ensures their independence. (this is the special property of Gaussianity — uncorrelated ⇔
independent only in the joint Gaussian case)
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s t

smooth
γX(s, t): large

s t

noisy / choppy
γX(s, t): small

Figure 3.1: Smooth series have large autocovariance between nearby points; choppy series have small
autocovariance.

Variance of a time series

Definition 3.11: Variance Function

The variance function is defined as

Var(Xt) = E
[
(Xt − µt)2

]
, for all t.

Note: For s = t, the autocovariance reduces to the variance, because

γx(t, t) = E
[
(xt − µt)2

]
= Var(xt).

So variance is the h = 0 special case of the autocovariance. (one function to rule them all)
Example: Compute the mean and autocovariance function of:

1. White noise sequence wt

2. The moving average sequence xt = wt + θwt−1

3. The time series xt = cos(2πt) + sin(2πt)wt (← Exercise)

Note: wt
i.i.d.∼ N(0, σ2w), then sin(2πt)wt ∼ N

(
0, sin2(2πt)σ2w

)
.

1. WN:

E[wt] = 0 ∀t
V (wt) = σ2w ∀t
γw(t, s) = Cov(wt, ws) = 0 ∀ t ̸= s

2. MA: xt = wt + θwt−1

E[xt] = E[wt + θwt−1] = E[wt] + θE[wt−1] = 0 + θ · 0 = 0

V (xt) = V (wt + θwt−1)

= V (wt) + θ2V (wt−1) + 2Cov(wt, θwt−1)

= σ2w + θ2σ2w + 2θCov(wt, wt−1)

= σ2w + θ2σ2w + 2θ · 0
= σ2w(1 + θ2)
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Cov(xt, xt−1) = Cov(wt + θwt−1, wt−1 + θwt−2)

= Cov(wt, wt−1) + Cov(wt, θwt−2)

+ Cov(θwt−1, wt−1) + Cov(θwt−1, θwt−2)

= 0 + θCov(wt, wt−2) + θCov(wt−1, wt−1) + θ2Cov(wt−1, wt−2)

= 0 + 0 + θVar(wt−1) + 0

= θσ2w

Cov(xt, xt−2) = Cov(wt + θwt−1, wt−2 + θwt−3) = 0

since Cov(ws, wj) = 0 ∀ s ̸= j, and here all time indices are distinct.

3. Exercise: xt = cos(2πt) + sin(2πt)wt

Mean:

µt = E[xt] = E
[
cos(2πt) + sin(2πt)wt

]

= cos(2πt) + sin(2πt)E[wt]

= cos(2πt) + sin(2πt) · 0
= cos(2πt)

Autocovariance: note that xt − µt = sin(2πt)wt.

γ(s, t) = Cov(xs, xt) = E
[
(xs − µs)(xt − µt)

]

= E
[
sin(2πs)ws · sin(2πt)wt

]

= sin(2πs) sin(2πt) E[wswt]

Case s = t: E[w2
t ] = σ2w, so γ(t, t) = sin2(2πt)σ2w.

Case s ̸= t: E[wswt] = 0, so γ(s, t) = 0.

γ(s, t) =







sin2(2πt)σ2w s = t

0 s ̸= t

Definition 3.12: Autocorrelation Function (ACF)

The autocorrelation function is defined as

ρ(s, t) =
γ(s, t)

√

γ(s, s) γ(t, t)
.

Note: The ACF measures the linear predictability of the series at time t, say xt, using only the
value xs.
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Properties:

• −1 ≤ ρ(s, t) ≤ 1 always. (it’s a correlation — Cauchy–Schwarz guarantees the bound)

• If xt = β0 + β1xs (perfect linear relationship):

– ρ(s, t) = +1 when β1 > 0,

– ρ(s, t) = −1 when β1 < 0.

Cross-covariance and cross-correlation

So far we have only considered one series at a time. When we have two series and want to
measure their joint structure — including possible leading/lagging effects — we generalize to the
cross-covariance.

Definition 3.13: Cross-Covariance

The cross-covariance function between two series xt and yt is

γxy(s, t) = Cov(Xs, Yt) = E
[
(xs − µxs)(yt − µyt)

]
.

Definition 3.14: Cross-Correlation Function (CCF)

The scaled version is the cross-correlation function:

ρxy(s, t) =
γxy(s, t)

√
γx(s, s) γy(t, t)

.

The CCF measures the linear relationship between xs and yt at potentially different times —
useful for detecting leading/lagging relationships between two series. (e.g. does an interest-rate
change today predict GDP movements three quarters from now?)

3.4 Stationarity

The concept of stationarity

Intuitively, a process {Xt} is stationary when:

• Its statistical properties do not change over time.

• The process is in a state of statistical equilibrium.

There are several formal versions of this idea, each making different demands on how much of
the distribution is required to be time-invariant. We will cover:

1. Strict (complete) stationarity.

2. Stationarity up to order m.

3. Weak (covariance / second-order) stationarity — the main one used in practice in this
course.

4. Trend stationarity.
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Stationary vs. non-stationary: visual comparison

Before the formal definitions, it helps to know what stationary and non-stationary processes look
like in the wild.

Figure 3.2: Left: white noise (stationary — constant mean and variance throughout). Right: random walk
(non-stationary — variance grows linearly with t).

Strong stationarity

The strongest version of stationarity demands that the entire joint distribution be invariant to time
shifts.

Definition 3.15: Strict Stationarity

We say that the time series Xt is strictly stationary or strongly stationary if its finite-dimensional
distributions are shift-invariant. Namely, the probability distribution of

{Xt1 , Xt2 , . . . , Xtk}

is identical to that of the time-shifted set

{Xt1+h, Xt2+h, . . . , Xtk+h}.

That is,
P{Xt1 ≤ c1, . . . , Xtk ≤ ck} = P{Xt1+h ≤ c1, . . . , Xtk+h ≤ ck}

for all k = 1, 2, . . ., all time points t1, t2, . . . , tk, all numbers c1, c2, . . . , ck, and all time shifts
h = 0,±1,±2, . . ..

• This says the distribution of any finite collection is identical to the time-shifted collection —
complete time invariance.

• The marginal distribution of Xti and Xti+k are the same for all k — implies the properties
such as mean, variance, ACVF, ACF do not change by time shifts.

Reasoning. The joint distribution over t1, t2, t3 equals the joint distribution over t1+h, t2+h, t3+h,
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t1 t2 t3 t1
+h

t2
+h
t3 + h

prob. dist. of both
are the same

one realization / path
of the time series

same

joint
dist.

joint
dist

t1 t2 t3 t1+ht2+ht3+h

which implies the marginal distribution of Xt is the same for all t. Choosing k = 1,

P (Xt ≤ x) = P (Xt+h ≤ x) ∀h, t, x

⇒ Xt and Xt+h have the same distribution.

Remark. In practice, we do not observe all realizations of a time series and hence cannot compute
the joint distribution. This makes strict stationarity more of a theoretical construct than a practical
one.



Chapter 4

Lecture 4

4.1 Stationarity up to Order m

Strict stationarity controls the entire joint distribution. A weaker requirement is to control only
joint moments up to some fixed order.

Definition 4.1: Order-m Stationarity

{Xt} is stationary up to order m if, for all admissible time points t1, . . . , tk, all integers k, and
all integers h, every joint moment up to order m exists and is shift-invariant:

E
(
Xm1

t1
· · ·Xmk

tk

)
= E

(
Xm1

t1+h · · ·X
mk

tk+h

)
,

for all exponents mi ≥ 0 with
∑k

i=1mi ≤ m.

The constraint
∑
mi ≤ m controls every mixed moment of total degree at most m. For example,

with m = 3 the admissible exponent sums are
∑
mi = 1, 2, 3.

Implication. Setting h = −t1,

E
(
Xm1

t1
Xm2

t2

)
= E

(
Xm1

t1+hX
m2

t2+h

)
= E

(
Xm1

0 Xm2

t2−t1

)
,

so the moment depends only on the difference (t2 − t1), not on t1 and t2 individually. Order-m
stationarity also implies order-k stationarity for every k ≤ m: controlling moments up to degree m
automatically controls all lower-degree moments.

Special cases: order 1 and order 2

(i) Mean stationarity (order 1). {Xt} is order-1 stationary ⇐⇒ E(Xt) exists and E(Xt) = µ,
independent of t.

(ii) Covariance stationarity (order 2). All joint moments up to order 2 exist and:

(a) E(Xt) = µ, independent of t.

(b) E(X2
t ) = µ2, independent of t.

(c) Var(Xt) = µ2 − µ2, also independent of t.

(d) Cov(Xt, Xs) is a function of (s− t) only.

40
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Condition (d) follows because Cov(Xt, Xs) = E[XtXs]−E[Xt]E[Xs] = E[X0Xs−t]−µ2, which depends
only on s− t. Order-2 stationarity is also called covariance stationarity, weak stationarity, or
stationarity in the wide sense. The two conditions are nested: second-order implies first-order, but
not vice versa.

Weak (second-order) stationarity

Definition 4.2: Weak Stationarity

A time series Xt is weakly stationary if it is a finite-variance process such that:

(i) the mean E(Xt) = µt = µ is constant, independent of time t;

(ii) the variance Var(Xt) = σ2 <∞ is finite and constant, independent of t;

(iii) the autocovariance function γ(s, t) depends on s and t only through their difference
|s− t| — and not on their individual values.

Throughout this course, “stationary” means weakly stationary unless stated otherwise; this is
equivalent to second-order stationarity.

Notation for a stationary series

For a stationary process the mean function is written µt = µ. Since γ(s, t) depends only on |s− t|,
put s = t+ h, where h is the time shift or lag:

γ(t+ h, t) = Cov(Xt+h, Xt) = Cov(Xh, X0) = γ(h, 0) = γ(h).

Definition 4.3: Autocovariance Function of a Stationary Series

γ(h) = Cov(xt+h, xt) = E
[
(xt+h − µ)(xt − µ)

]
.

Definition 4.4: Autocorrelation Function (ACF) of a Stationary Series

ρ(h) =
γ(t+ h, t)

√

γ(t+ h, t+ h) γ(t, t)
=
γ(h)

γ(0)
.

The general normalization is ρ = γ(s, t)
/√

γ(t, t) γ(s, s); under stationarity both terms in the
denominator equal γ(0).

Properties of the stationary autocovariance

For a stationary series γ satisfies:

1. Non-negative definite: for any constants a1, . . . , an,

0 ≤ Var





n∑

j=1

ajXj



 =
n∑

j=1

n∑

k=1

ajak γ(j − k).

This is just the variance of a linear combination expanded out: e.g. Var(a1X1 + a2X2) =
a21Var(X1) + a22Var(X2) + 2a1a2Cov(X1, X2), where each γ(j − k) = Cov(Xj , Xk). The left-
hand inequality holds because a variance is E[(Y − EY )2], the expectation of a square, which
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is never negative. So the content of the property is that the matrix Γn = [γ(j − k)]nj,k=1 is a

valid covariance matrix: a⊤Γna ≥ 0 for every a.

2. Bounded by variance: |γ(h)| ≤ γ(0) = Var(xt).

3. Symmetric (even): γ(h) = γ(−h).
Let Σn×n be a matrix. Σ is n.n.d. if ∀ a ∈ R

n, we have

a⊤Σ a ≥ 0.

Let Σ be the matrix of ACVF:

Σ2×2 =

(
γ(0) γ(1)
γ(1) γ(0)

)

, Σ3×3 =

X1 X2 X3

X1

X2

X3





γ(0) γ(1) γ(2)
γ(1) γ(0) γ(1)
γ(2) γ(1) γ(0)




.

As a worked example, take n = 2:

Var(a1X1 + a2X2) =
2∑

j=1

2∑

k=1

ajak γ(j − k)

= a1a1 γ(1− 1) + a1a2 γ(1− 2)
︸ ︷︷ ︸

j=1

+ a2a1 γ(2− 1) + a2a2 γ(2− 2)
︸ ︷︷ ︸

j=2

= a21 γ(0) + a22 γ(0) + 2a1a2 γ(1),
(
γ(1) = γ(−1)

)
.

4.2 Examples and Types of Stationarity

Example 4.1: Stationarity of Standard Models

(1) White noise wt — stationary. E(wt) = 0 (constant), and Cov(wt, ws) = 0 for t ≠ s, so
γ(h) = σ2w 1h=0: that is, γ(0) = σ2w and γ(h) = 0 ∀h ̸= 0 — a function of lag only.

(2) MA(1) xt = wt + θwt−1, θ ∈ R, wt ∼WN(0, σ2) — stationary. The mean is zero and

E(Xt) = 0, Cov(Xt+h, Xt) =







σ2(1 + θ2) h = 0,

θσ2 |h| = 1,

0 |h| > 1.

A function of h only ⇒ covariance stationary.

(3) Random walk — not stationary. Zero-drift xt = x0 +
∑t

i=1wi: first-order stationary
(constant mean 0) but not second-order, since Var(Xt) = tσ2 grows with t. With drift
xt = x0 +

∑t
i=1wi + δt: then E(Xt) = x0 + δt, so it is neither first- nor second-order stationary.

xt = x0 +
t∑

i=1

Wi
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Cov(xt+h, xt) = Cov
(

W1 +W2 + · · ·+Wt
︸ ︷︷ ︸

shared

+Wt+1 + · · ·+Wt+h
︸ ︷︷ ︸

extra

, W1 +W2 + · · ·+Wt

)

= V (W1) + V (W2) + · · ·+ V (Wt) + 0

= t σ2W .

Random walk: non-stationarity illustrated

For the zero-drift random walk xt = x0 +
∑t

i=1wi we have E(Xt) = 0, but

Cov(Xt+h, Xt) = min(t+ h, t)σ2 =

{

tσ2 h > 0,

(t+ h)σ2 h < 0.

Either way the covariance depends on t, not just on h ⇒ the random walk is not covariance
stationary.

Figure 4.1: Left: a random walk path. Right: Cov(Zt+h, Zt) = tσ2 depends on t, not just h — confirming
non-stationarity.

More examples

(4) Mean-shifted process. Let {Xt} be covariance stationary with E(Xt) = µ. Define

Yt =

{

Xt, t even,

Xt + α, t odd.

Then E(Yt) alternates between µ and µ + α, a non-constant mean ⇒ {Yt} is not covariance
stationary.

(5) Harmonic process. Xt = A cos(ωt) + B sin(ωt), where A,B are uncorrelated with E(A) =
E(B) = 0, Var(A) = Var(B) = σ2, and ω ∈ (−π, π) fixed.
Mean. By linearity,

E(Xt) = cos(ωt)E(A) + sin(ωt)E(B) = 0.
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Covariance. Using Cov(A,B) = 0 and Var(A) = Var(B) = σ2,

Cov(Xt+h, Xt) = Cov
(
A cosω(t+h) +B sinω(t+h), A cosωt+B sinωt

)

= σ2 cosω(t+h) cosωt+ σ2 sinω(t+h) sinωt

= σ2 cos(ωh),

by the cosine difference identity. This depends only on h, so the process is covariance stationary
with γ(h) = σ2 cos(ωh).

Strict vs. weak stationarity

Theorem 4.1: Strict Stationarity Implies Covariance Stationarity

If {Xt} is strictly stationary and E[X2
t ] <∞, then {Xt} is also covariance stationary. (Like if

{Xt} is i.i.d from a distribution but mean isnt finite then {Xt} is strict but not covariance)

Proof sketch. For n = 1: strict stationarity gives FXt(x) = FXt+k
(x) for all k, so E(Xt) and

Var(Xt) are time-independent (and E[X2
t ] <∞⇒ Var(Xt) <∞). For n = 2: the joint distribution

of (Xt, Xs) equals that of (Xt+h, Xs+h) for all h, so Cov(Xt, Xs) = Cov(Xt+h, Xs+h) depends only
on the lag ⇒ covariance stationary. □

The finite-variance condition is essential. If Xt
iid∼ Cauchy(1), then {Xt} is strictly stationary,

yet E[Xt] does not exist, so it is not even order-1 (covariance) stationary. The converse of the
theorem is also false in general.

Relationships between weak and strong stationarity

1. Strictly stationary ⇏ weakly stationary (moments may not exist).

2. Strictly stationary + E[x2t ] <∞ ⇒ weakly stationary.

3. If Xt is weakly stationary and a Gaussian process ⇒ strictly stationary.

4. If Xt /∈ L2 for some t, then not weakly stationary ⇒ not strictly stationary (the contrapositive
of (2)).

Example 4.2: Weak but Not Strictly Stationary

Let {Xt} be a sequence of independent random variables with

Xt ∼
{

N(1, 1) t odd,

Exp(1) t even.

Both distributions have mean 1 and variance 1, and Cov(Xt+h, Xt) = 1h=0 for all t, so {Xt} is
covariance stationary. But X1 ∼ N and X2 ∼ Exp have different distributions ⇒ {Xt} is not
strictly stationary.
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Joint stationarity

Definition 4.5: Joint Stationarity

Two series Xt and Yt are jointly stationary if each is stationary and the cross-covariance is a
function of the lag h only:

γxy(h) = Cov(Xt+h, Yt) = E
[
(Xt+h − µx)(Yt − µy)

]
.

Definition 4.6: Cross-Correlation Function (CCF)

The CCF of jointly stationary series xt and yt is

ρxy(h) =
γxy(h)

√
γx(0) γy(0)

.

Trend stationarity

Consider Xt = α+βt+Yt, where Yt is stationary. The mean µXt = α+βt+µy depends on t, so Xt

is not stationary (and not second-order stationary, since E[X2
t ] ̸= E[X2

t+h]). The autocovariance,
however, is

γx(h) = Cov(Xt+h, Xt) = Cov
(
α+ β(t+ h) + Yt+h, α+ βt+ Yt

)

= Cov(Yt+h, Yt)

= γy(h).

(constants α, β(t+h), βt drop out because covariance measures how two random quantities fluctuate
together around their means — and constants don’t fluctuate.Because covariance measures how
two random quantities fluctuate together around their means — and constants don’t fluctuate.)a
function of the lag h only — the deterministic terms drop out of the covariance. The process has
stationary behaviour around a linear trend ; this is called trend stationarity. Removing the trend
(by regression or differencing) yields a stationary residual series. (Xt is not second order stat. as
E[X2

t ] ̸= E[X2
t+h])

4.3 Gaussian Processes

Definition 4.7: Multivariate Normal

A p-dimensional random vector Xp×1 ∼ Np(µ,Σ) iff α′X ∼ N1 for all α ∈ R
p, α ≠ 0. When

Σ > 0 (positive definite),

fX(x) =
1

(2π)p/2|Σ|1/2 exp
(
−1

2(x− µ)
′Σ−1(x− µ)

)
.

Key properties: any subvector of X is multivariate normal, and every linear combination α′X is
univariate normal.

Linear transformations. If Xp×1 ∼ Np(µ,Σ) and Yq×1 = Aq×pX + aq×1, then

Y ∼ Nq

(
a+Aµ, AΣA′

)
,
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where Y is q×1 and AΣA′ is q×q; this follows directly from the definition. Every linear combination
of independent univariate normals is univariate normal, so for independent normals X1, . . . , Xn the
vector (X1, . . . , Xn) is multivariate normal. If the components are not independent this can fail: e.g.
X ∼ N1, Y = −X gives Y ∼ N1, yet X + Y = 0 is degenerate (not normal with positive variance).

Definition 4.8: Gaussian Time Series

{Xt} is a Gaussian time series if for all k and all admissible t1, . . . , tk the joint distribution
satisfies (Xt1 , . . . , Xtk) ∼ Nk(µ,Σ).

Remark 4.1: Gaussian + Covariance Stationary ⇒ Strictly Stationary

If {Xt} is Gaussian and covariance stationary, then {Xt} is also strictly stationary. The full
probabilistic structure of a Gaussian process is completely determined by its mean function
and covariance function — both of which are time-invariant under covariance stationarity.

4.4 Estimation of the ACVF

Why stationarity is critical for estimation

In classical statistics we have many i.i.d. copies of Xt and average across replications. In time series,
Xt is a random variable but we observe only one realisation — a single realisation cannot by
itself recover E(Xt). Under stationarity, the different time points x1, x2, . . . , xn all share the same
marginal distribution and the same autocovariance structure, so we can average across time in
place of averaging across replications. Without stationarity each Xt has a different distribution and
there is no principled way to pool information across time.

Sample mean

Definition 4.9: Sample Mean

Under the assumption that the series is stationary, the mean function µt = µ is constant and is
estimated by the sample mean

X̄ =
1

n

n∑

t=1

Xt.

X̄ is an unbiased estimator: E(X̄) = µ.

Variance of the sample mean

Theorem 4.2: Variance of the Sample Mean

Var(X̄) = Var

(

1

n

n∑

t=1

Xt

)

=
1

n2
Cov

(
n∑

t=1

Xt,

n∑

s=1

Xs

)

=
1

n

n∑

h=−n

(

1− |h|
n

)

γx(h).

The variance of X̄ is not σ2/n as in the i.i.d. case — there, Var
(
1
n

∑
Xi

)
= 1

n2

∑
Var(Xi) = σ2/n.

That value emerges here only when γ(h) = 0 for all h ≠ 0 (white noise). The triangular weights



Chapter 4. Lecture 4 47

1 − |h|/n shrink as |h| increases. Positive serial correlation inflates Var(X̄) relative to the i.i.d.
case.
h = 1: 9 terms (X1, X2), (X2, X3), . . . , (X9, X10)

Sample ACVF: two estimators

Observe (X1, . . . , Xn); the true ACVF is γh = Cov(Xt+h, Xt).

Case 1 — µ known.

γ̂∗µ(h) =
1

n− h

n−h∑

t=1

(Xt − µ)(Xt+h − µ) ⇒ unbiased,

since E[γ̂∗µ(h)] =
1

n−h

∑n−h
t=1 E[(Xt − µ)(Xt+h − µ)] = 1

n−h(n− h)γh = γh. With divisor n instead,

γ̂µ(h) =
1

n

n−h∑

t=1

(Xt − µ)(Xt+h − µ) ⇒ E[γ̂µ(h)] =
n− h
n

γh,

which is asymptotically unbiased since (n− h)/n→ 1 as n→∞.

Case 2 — µ unknown (replace with X̄n).

γ̂∗(h) =
1

n− h

n−h∑

t=1

(Xt − X̄n)(Xt+h − X̄n), γ̂(h) =
1

n

n−h∑

t=1

(Xt − X̄n)(Xt+h − X̄n).

Both are biased for small samples but consistent.

Why prefer divisor n over n− h?

Figure 4.2: Sample ACVF with divisor n vs. divisor n− h for white noise (n = 50).

The divisor in γ̂ is n (not n− h) to guarantee that the resulting autocovariance matrix is
non-negative definite. The divisor n− h does not ensure this, even though it gives an unbiased
estimator.

Sample (empirical) autocorrelation
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Definition 4.10: Sample Autocovariance

γ̂(h) =
1

n

n−h∑

t=1

(xt − x̄n)(xt+h − x̄n).

Definition 4.11: Sample Autocorrelation (ACF)

ρ̂(h) =
γ̂(h)

γ̂(0)
.

Both the sample autocovariance and autocorrelation functions are even: γ̂(−h) = γ̂(h) and
ρ̂(−h) = ρ̂(h).

Figure 4.3: MA(1) Yt = Xt + 0.7Xt−1 (n = 300): theoretical vs. sample ACVF (left) and ACF (right). The
ACVF cuts off sharply after lag 1.

The plot of ρ̂(h) against h is called a correlogram.

4.5 Large-Sample Properties and ACF Plots

Theorem 4.3: Large-Sample Distribution of ρ̂(h)

Under general conditions, if Xt is white noise then for large n the sample ACF ρ̂x(h), for
h = 1, 2, . . . , H (any fixed H), is approximately normally distributed with zero mean and
standard deviation 1/

√
n:

ρ̂x(h)
approx∼ N

(
0, 1n

)
.

Practical significance test. A lag h is deemed statistically significant if

|ρ̂(h)| > 2√
n
.

This is the dashed band shown in every correlogram. The “2” is the rounded normal quantile —
the exact 95% interval is

(
−1.96/√n, 1.96/√n

)
. For a true white-noise series, approximately 95%

of sample ACF values should lie within these bounds.
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Using the ACF bounds in practice

The significance bounds ±2/√n have three main roles:

1. Diagnostic checking. Many modelling procedures aim to reduce a time series to white-noise
residuals (e.g. fitting ARMA models). After fitting, plot the ACF of the residuals — if the
model is adequate, nearly all bars should fall within ±2/√n.

2. Model identification. The pattern of significant lags guides the choice of model order. An
MA(q) process has an ACF that cuts off after lag q.

3. Rough rule. For white noise of length n, about 95% of the ρ̂(h) values lie within ±2/√n by
chance alone — so 1 or 2 marginally significant lags out of 20 is not alarming.

Figure 4.4: White noise series (n = 150) and its sample ACF. Dashed lines mark ±2/√n. All lags fall
within the band: no structure.

Figure 4.5: Global temperature deviations (trending, non-stationary) and its ACF. A slowly decaying ACF
is a hallmark of non-stationarity or trend.
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Figure 4.6: First-differenced temperature series and its ACF. After differencing, the ACF drops inside
±2/√n beyond the first lag, consistent with a near-white-noise residual.

The lag-1 value ρ̂(1) still sits slightly outside the band, so the differenced series is probably not pure
white noise — a further difference could be considered.

Figure 4.7: MA(1) series xt = wt + 0.7wt−1 and its sample ACF. The ACF cuts off sharply after lag 1 — a
diagnostic signature of a moving-average process.
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Lecture 5

5.1 Autoregressive (AR) Processes

The ARMA family of models

Over the next several lectures we study a hierarchy of models that are built on top of one another:

1. AR(p) — autoregressive of order p;

2. MA(q) — moving average of order q;

3. ARMA(p, q) — autoregressive moving average;

4. ARIMA(p, d, q) — autoregressive integrated moving average (covered time permitting).

Each model in this family is a building block for the next, so understanding AR and MA processes
thoroughly is essential for everything that follows.

What is an autoregressive model?

An autoregressive model is based on the idea that the current value of a series, xt, can be explained
as a function of its own past p values, where p determines the number of steps into the past needed
to forecast the current value:

xt = f(xt−1, xt−2, . . . , xt−p) + noise.

The intuition mirrors ordinary regression: just as regressing Y on covariates X1, X2, . . . uses other
variables to explain Y , an autoregression uses the series’ own past to explain its present.

A simple example is the AR(2) model

xt = xt−1 − 0.9xt−2 + wt, wt
iid∼ N(0, σ2w).

The current value depends on the two immediately preceding values, plus a fresh shock wt.

When does autoregressive modelling make sense?

AR models are natural when the current value depends systematically on its own past, leading to
persistence, oscillation, or mean-reverting behaviour. Real-world examples include: economics
and finance (stock returns, interest rates, GDP growth, exchange rates — though AR is not
always the best choice here); epidemiology (daily infection counts depend on how many were
infected in the preceding days); meteorology (tomorrow’s temperature is best predicted by today’s

51
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— autocorrelation is strong); engineering and signal processing (speech signals, vibration
and electrical measurements all exhibit strong short-term autocorrelation); and ecology (animal
population dynamics, where this year’s population depends on last year’s through birth, death, and
competition).

Definition 5.1: AR(p) Model

An autoregressive model of order p, written AR(p), is

xt = ϕ1xt−1 + ϕ2xt−2 + · · ·+ ϕpxt−p + wt,

where wt ∼WN(0, σ2w) and ϕ1, . . . , ϕp are constants with ϕp ̸= 0. We ideally want E(xt) = 0
for all t, and for xt to be stationary and causal.

The interpretation of the pieces is as follows. The order p is the memory of the model — how
many past values directly influence the present. Each coefficient ϕj measures the direct linear
effect of xt−j on xt, holding all other lags fixed. The shock wt is a fresh, unpredictable innovation
at each time step.

AR(p) with a non-zero mean

If the mean µ of xt is not zero, set zt = xt − µ. Because

xt − µ = ϕ1(xt−1 − µ) + ϕ2(xt−2 − µ) + · · ·+ ϕp(xt−p − µ) + wt,

we obtain the non-zero mean AR(p) model

zt = α+ ϕ1zt−1 + ϕ2zt−2 + · · ·+ ϕpzt−p + wt, α = µ (1− ϕ1 − ϕ2 − · · · − ϕp).

Working with zt = xt − µ (the zero-mean version) is the standard approach: all theory developed
for the zero-mean case applies directly.

Remark 5.1: Where the intercept comes from (annotation)

Suppose we start instead from an AR(p) written with a constant term, xt = α+ ϕ1xt−1 + · · ·+
ϕpxt−p + wt. Assuming xt is stationary with mean µ, take expectations on both sides:

E(xt) = µ = α+ ϕ1µ+ · · ·+ ϕpµ+ 0 =⇒ α = µ (1− ϕ1 − ϕ2 − · · · − ϕp).

Substituting this α back and rearranging recovers xt−µ = ϕ1(xt−1−µ)+ · · ·+ϕp(xt−p−µ)+wt,
so with zt = xt − µ we get the clean zero-mean recursion zt = ϕ1zt−1 + · · ·+ ϕpzt−p + wt. In
particular, if the model genuinely has no intercept (α = 0) and 1−

∑
ϕj ̸= 0, then µ = 0.
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The backshift operator

Definition 5.2: Backshift Operator B

The backshift operator B is defined by

Bxt = xt−1,

and is extended to powers by B2xt = B(Bxt) = Bxt−1 = xt−2, and in general Bkxt = xt−k.

The backshift operator is a formal algebraic tool. We treat polynomials in B as if B were a
scalar, which lets the AR model be written compactly and analysed using polynomial algebra.

Remark 5.2: Differencing in backshift notation (annotation)

The same operator expresses the differencing operations from earlier lectures. The d-th order
seasonal-style difference applied k times can be written

∇ k
d =

(
1−Bd

)k
,

i.e. a polynomial in B. This is the reason differencing and AR analysis share the same algebraic
machinery.

AR(p) in backshift operator form

Applying the backshift operator to the AR(p) definition (using xt−1 = Bxt, xt−2 = B2xt, . . . ,
xt−p = Bpxt),

xt = ϕ1Bxt + ϕ2B
2xt + · · ·+ ϕpB

pxt + wt,

and rearranging gives

(
1− ϕ1B − ϕ2B2 − · · · − ϕpBp

)

︸ ︷︷ ︸

ϕ(B)

xt = wt, or simply ϕ(B)xt = wt.

Definition 5.3: AR Polynomial

The polynomial
ϕ(B) = 1− ϕ1B − ϕ2B2 − · · · − ϕpBp

is called the AR polynomial (or autoregressive operator, or characteristic polynomial).

Does xt depend on shocks before yesterday?

The AR(p) model is written in terms of the lagged values xt−1, . . . , xt−p and the latest shock wt —
not in terms of past shocks. So does a shock from two weeks ago still matter today? Yes, and here
is why. Take the AR(1) process xt = ϕ1xt−1 + wt and substitute repeatedly:

xt = ϕ1xt−1 + wt = ϕ1(ϕ1xt−2 + wt−1) + wt = ϕ21(ϕ1xt−3 + wt−2) + ϕ1wt−1 + wt = · · ·

Continuing recursively, xt depends on every past shock wt−1, wt−2, wt−3, . . . , not just the most
recent one. The weight on shock wt−j is ϕ j

1 , which decays geometrically as j increases (provided
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|ϕ1| < 1). Recent shocks therefore dominate, but older shocks still contribute — their influence
simply fades rather than switching off abruptly.

Remark 5.3: Reading the dependence off the recursion (annotation)

The recursion makes the covariance structure explicit: because xt contains wt−j with coefficient

ϕ j
1 , we have Cov(xt, wt−j) ̸= 0 for every j ≥ 0. The current value is genuinely informed by the

entire history of innovations wt, wt−1, wt−2, . . . , w1.

AR versus white noise

This is exactly what distinguishes AR models from white noise: the process has infinite memory,
but that memory decays. The rate of decay is controlled by ϕ— a larger |ϕ| means slower forgetting
and a more persistent series.

Remark 5.4: Contrast with exponential smoothing (annotation)

This looks superficially similar to exponential smoothing, but the two are not the same. In
exponential smoothing the forecast is a weighted combination of lagged values of xt itself,

x̂t = α1xt−1 + α2xt−2 + · · · ,

whereas in the AR linear-process representation the decaying weights multiply the shocks wt−j ,
not the observations.

5.2 Linear Processes

Definition 5.4: Linear Process

A linear process xt is a linear combination of white-noise variates wt:

xt = µ+
∞∑

j=−∞

ψj wt−j , with
∞∑

j=−∞

|ψj | <∞.

Its autocovariance function is

γx(h) = σ2w

∞∑

j=−∞

ψj+h ψj , h ≥ 0.

The condition
∑
|ψj | < ∞ is called absolute summability of the coefficients. It is exactly

what guarantees the infinite sum is well behaved.

Remark 5.5: Why absolute summability gives finite variance (annotation)

We want Var(xt) =
(∑

j ψ
2
j

)
σ2w < ∞. We are given

∑

j |ψj | < ∞, which in particular forces
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supj |ψj | <∞. Let M := supj |ψj | <∞. Then

∞∑

j=−∞

ψ2
j =

∞∑

j=−∞

|ψj | · |ψj | ≤
∞∑

j=−∞

|ψj | ·M = M
∞∑

j=−∞

|ψj | < ∞.

Hence Var(xt) < ∞, and it is a constant (it does not depend on t). Absolute summability
of the ψj is therefore the technical hypothesis that makes the linear process a legitimate,
finite-variance stationary series.

Why this matters. The stationary solution of any AR(p) process turns out to be a linear process
— it expresses xt as a (one-sided) infinite weighted sum of past shocks.

Remark 5.6: Why rewrite an AR model as a linear process? (annotation)

Suppose we try to compute Var(xt) directly from the AR(1) recursion xt = ϕ1xt−1 +wt. Using
Cov(xt−1, wt) = 0,

Var(xt) = Var(ϕ1xt−1 + wt)

= ϕ21Var(xt−1) + σ2w

= ϕ21Var(ϕ1xt−2 + wt−1) + σ2w

= ϕ41Var(xt−2) + ϕ21σ
2
w + σ2w

= · · ·

The right-hand side never closes — the variance keeps referring back to itself. This makes the
recursive form awkward to work with: the variance cannot be read off easily. Rewriting xt as a
linear process

∑

j ψjwt−j in independent shocks fixes this, since the variance then becomes a
simple convergent sum.

Example: the AR(1) process

Example 5.1: AR(1) as a linear process — the problem

Let xt = ϕxt−1 + wt be an AR(1) process with wt ∼WN(0, σ2w) and |ϕ| < 1. Show that:

1. xt =
∞∑

j=0

ϕjwt−j (i.e. xt is a linear process);

2. the autocovariance function is γ(h) =
σ2w ϕ

h

1− ϕ2 for h ≥ 0;

3. the autocorrelation function is ρ(h) = ϕh for h ≥ 0;

4. xt is stationary.
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Part 1: xt as a linear process. Starting from xt = ϕxt−1 + wt and back-substituting,

xt = ϕxt−1 + wt

= ϕ(ϕxt−2 + wt−1) + wt

= ϕ2(ϕxt−3 + wt−2) + ϕwt−1 + wt

= ϕ3(ϕxt−4 + wt−3) + ϕ2wt−2 + ϕwt−1 + wt

...

= ϕkxt−k +

k−1∑

j=0

ϕjwt−j .

As k →∞: since |ϕ| < 1, we have |ϕ|k → 0, so the leading term vanishes and

xt =
∞∑

j=0

ϕjwt−j .

This is a causal linear process with coefficients ψj = ϕj — note that ψj is defined for j ≥ 0 and we
set ψj = 0 for j < 0, which is what makes the representation one-sided.

Remark 5.7: Variance from the linear-process form (annotation)

With the representation in hand the variance is now immediate. Because the wt−j are
uncorrelated,

Var(xt) = σ2w

∞∑

j=0

ϕ2j =
σ2w

1− ϕ2 <∞,

where the geometric series converges precisely because |ϕ| < 1. Compare this with the stalled
recursion in Remark 5.6 — the linear-process form delivers the answer in one line.

Part 2: autocovariance function. Using the linear-process representation xt =
∑∞

j=0 ϕ
jwt−j ,

γ(h) = Cov(xt+h, xt) = Cov





∞∑

j=0

ϕjwt+h−j ,

∞∑

k=0

ϕkwt−k



 = σ2w

∞∑

j=0

ϕj+hϕj = σ2w ϕ
h· 1

1− ϕ2 =
σ2w ϕ

h

1− ϕ2 .

The series converges because |ϕ| < 1, so ϕ2j → 0 geometrically.

Remark 5.8: The covariance expansion, term by term (annotation)

It is worth seeing why only the “matched” shock terms survive. Writing both sums out,

Cov
(

wt+h + ϕwt+h−1 + ϕ2wt+h−2 + · · · , wt + ϕwt−1 + ϕ2wt−2 + · · ·
)

.

Two shock terms contribute only when their time indices coincide, since Cov(wa, wb) = 0 for
a ̸= b and Cov(wa, wa) = σ2w. Pairing wt+h−j in the first sum with wt−k in the second forces
t+ h− j = t− k, i.e. j = h+ k. The surviving terms are

ϕhCov(wt)+ϕ
h+2Cov(wt−1)+ϕ

h+4Cov(wt−2)+· · · = σ2w ϕ
h
(
1+ϕ2+ϕ4+· · ·

)
= ϕh σ2w

1

1− ϕ2 .
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Part 3: autocorrelation function. Directly from the definition ρ(h) = γ(h)/γ(0), with γ(0) =
σ2w/(1− ϕ2) and γ(h) = σ2wϕ

h/(1− ϕ2),

ρ(h) =
γ(h)

γ(0)
=
σ2w ϕ

h/(1− ϕ2)
σ2w/(1− ϕ2)

= ϕh.

Remark 5.9: Shape of the AR(1) ACF

The ACF of an AR(1) decays geometrically with the lag h. For ϕ > 0 the decay is monotone;
for ϕ < 0 it alternates in sign. Crucially, the ACF never cuts off to exactly zero at any finite
lag — this is the key diagnostic difference from MA processes, whose ACF cuts off sharply.

Part 4: stationarity. We verify the conditions for weak stationarity when |ϕ| < 1.

• Constant mean: E(xt) = E
(∑∞

j=0 ϕ
jwt−j

)
=
∑∞

j=0 ϕ
j
E(wt−j) = 0, which is constant in t.

• ACVF depends only on the lag: from Part 2, γ(h) = σ2wϕ
h/(1− ϕ2) depends only on h,

not on the absolute time t.

• Finite variance: γ(0) = σ2w/(1− ϕ2) <∞ since |ϕ| < 1.

All three conditions hold, so xt is weakly stationary.

Figure 5.1: AR(1) autocovariance γ(h) = σ2
wϕ

h/(1 − ϕ2) for three values of ϕ. A larger ϕ means slower
decay — the series has longer memory.
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Figure 5.2: Simulated AR(1) trajectories. With ϕ = +0.9 (top) the series is smooth and persistent
with slow mean-reversion; with ϕ = −0.9 (bottom) it is oscillatory, alternating sign each period, with fast
mean-reversion.

Figure 5.3: Sample ACF of the two AR(1) processes. For ϕ = +0.9: positive, monotone decay ρ(h) = 0.9h.
For ϕ = −0.9: alternating signs, ρ(h) = (−0.9)h. In both cases the ACF never cuts off abruptly.
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5.3 The Stationary Solution

Definition 5.5: Stationary Solution

The stationary solution of a time series model is the steady-state (equilibrium) representation
of {xt} that

• is consistent with the original stochastic equation governing the process;

• exhibits time-invariant statistical properties (mean, variance, autocovariance);

• is independent of the initial conditions (e.g. x0).

Intuition. After a sufficiently long time, the influence of the initial state of the series becomes
negligible. The series “forgets” where it started and settles into a stable probabilistic regime whose
statistics do not change over time.

Finding the stationary solution of AR(p)

The back-substitution trick of Section 2 works neatly for AR(1) but not for a general AR(p).
The general approach is matching coefficients. Since ϕ(B)xt = wt, we seek a solution of the
linear-process form

xt =
∞∑

j=0

ψjwt−j = ψ(B)wt.

Substituting into ϕ(B)xt = wt gives

ϕ(B)ψ(B)wt = wt =⇒ ϕ(B)ψ(B) = 1.

Expanding both polynomials and matching the coefficients of B0, B1, B2, . . . yields the ψj recursively.
Equivalently,

ψ(B) = ϕ−1(B),

i.e. we treat the backshift operator as a complex number and invert the polynomial.
For the AR(1) case this inversion is the familiar geometric series. Treating B as a complex variable
z,

ψ(B) = ϕ−1(B) = 1 + ϕB + ϕ2B2 + · · ·+ ϕjBj + · · · , ϕ−1(z) =
1

1− ϕz =
∞∑

j=0

ϕjzj , |z| ≤ 1,

which reproduces ψj = ϕj — exactly the coefficients found by back-substitution.

5.4 Causality and the Characteristic Polynomial

Explosive AR models

Two boundary cases show that stationarity can fail or behave strangely.
The random walk (ϕ = 1): xt = xt−1 + wt. Its autocovariance is

γx(s, t) = min{s, t}σ2w,

which depends on t (not just on |s− t|), so the random walk is not stationary.
The explosive AR(1) (|ϕ| > 1): xt = ϕxt−1 + wt. Each period the previous value is amplified

by |ϕ| > 1 before the shock is added, so the values grow rapidly in magnitude — hence “explosive”.
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When stationarity is not enough: causality

Surprisingly, an explosive AR(1) can be stationary — but only via a representation that depends
on future shocks. Rewrite the explosive AR(1) by solving forward:

xt =
1

ϕ
xt+1 −

1

ϕ
wt+1.

Since |ϕ|−1 < 1, iterating this forward gives the stationary but future-dependent solution

xt = −
∞∑

j=1

ϕ−j wt+j .

This is stationary, but it uses future innovations — which is useless for forecasting. When a process
does not depend on the future (as the AR(1) with |ϕ| < 1 does not), we call it causal. The explosive
case is stationary but future-dependent, and therefore not causal.

Definition 5.6: Causality

A time series xt is causal if it can be written as a convergent one-sided sum of past and present
shocks only:

xt =
∞∑

j=0

ψj wt−j = ψ(B)wt,
∞∑

j=0

|ψj | <∞.

Intuition. The current state of the series can be reconstructed entirely from past innovations; no
knowledge of future shocks is needed. This is a natural requirement for any model that will be used
for forecasting.

Remark 5.10: Stationarity and causality of AR(1) — summary

Causality and stationarity are distinct conditions. For the AR(1) process xt = ϕxt−1 + wt:

• |ϕ| < 1: the series is stationary and causal, with stationary solution xt =
∑∞

j=0 ϕ
jwt−j ;

• |ϕ| = 1: the series is a random walk — not stationary;

• |ϕ| > 1: the series is stationary but not causal (its solution is future-dependent), and
explosive in the forward direction.

Practical convention. In time series analysis we work exclusively with causal models:
stationarity without causality is useless for forecasting. By default, we will treat a series as
“stationary” only if it is also causal — and for AR(1) this means |ϕ| < 1.
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Figure 5.4: The three regimes of AR(1). Left (|ϕ| < 1): stationary, causal, mean-reverting with bounded
variance. Centre (|ϕ| = 1): random walk, variance grows without bound. Right (|ϕ| > 1): explosive growth in
the forward direction.

The characteristic polynomial

The stationarity and causality conditions for a general AR(p) model are expressed most cleanly
through the roots of a polynomial.

Definition 5.7: Characteristic Polynomial

For the AR(p) model ϕ(B)xt = wt, the characteristic polynomial is obtained by treating the
backshift operator B as a complex variable z:

ϕ(z) = 1− ϕ1z − ϕ2z2 − · · · − ϕpzp.

The characteristic equation is ϕ(z) = 0, and its solutions z1, z2, . . . , zp ∈ C are called the roots
of the AR polynomial.

Theorem 5.1: Causal Stationarity of AR(p)

The AR(p) process ϕ(B)xt = wt has a causal stationary solution if and only if all roots of the
characteristic polynomial ϕ(z) = 1− ϕ1z − · · · − ϕpzp lie strictly outside the unit circle:

ϕ(z) = 0 =⇒ |zi| > 1, i = 1, . . . , p.

In this case the stationary solution is

xt =

∞∑

j=0

ψj wt−j , ψ(z) = ϕ−1(z) =

∞∑

j=0

ψjz
j , |z| ≤ 1.

Intuition. The roots encode how the AR polynomial “inverts”. If any root lies on or inside the
unit circle, ϕ−1(z) fails to converge for |z| ≤ 1, and no causal stationary solution exists.
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Stationarity via roots: the AR(1) case

For AR(1), ϕ(z) = 1− ϕz, so the characteristic equation 1− ϕz = 0 has the single root z0 = 1/ϕ.
Reading off the three cases:

• |ϕ| < 1: the root z0 = 1/ϕ satisfies |z0| > 1 — outside the unit circle — so the process is
causal and stationary;

• |ϕ| = 1: the root z0 = 1 lies on the unit circle — a unit root, giving a non-stationary random
walk;

• |ϕ| > 1: the root z0 = 1/ϕ satisfies |z0| < 1 — inside the unit circle — so the process is not
causal (explosive in the forward direction).

The AR(1) analysis of the earlier sections is thus a special case of the general rule: all roots of ϕ(z)
must lie strictly outside the unit circle.

Figure 5.5: Roots of ϕ(z) for two AR(1) models. A root lying outside the unit circle indicates causal
stationarity.

Worked examples

Example 5.2: Stationarity of AR(p) via roots

Example A. AR(2): xt = 1.5xt−1 − 0.56xt−2 + wt. The characteristic polynomial is ϕ(z) =
1− 1.5z + 0.56z2, with roots z = 1/0.7 ≈ 1.43 and z = 1/0.8 = 1.25. Both satisfy |zj | > 1, so
the process is causal and stationary.

Example B. AR(2): xt = xt−1 − 0.25xt−2 + wt. Here ϕ(z) = 1− z + 0.25z2 = (1− 0.5z)2, a
repeated root at z = 2 (outside the unit circle), so the process is causal and stationary.

Example C. Random walk: xt = xt−1 + wt. Here ϕ(z) = 1− z, with root z = 1 lying on the
unit circle (a unit root), so the process is not stationary.
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Remark 5.11: Refresher: complex numbers

A complex number z ∈ C is written z = a+ bi with a, b ∈ R and i =
√
−1. Here a = Re(z) is

the real part, b = Im(z) is the imaginary part, and z̄ = a− bi is the complex conjugate. The
modulus is the distance from the origin in the complex plane,

|z| =
√

a2 + b2 =
√
z z̄.

Key facts: |z| = 1 means z lies on the unit circle, |z| > 1 means z lies outside it, and the
complex roots of a real polynomial always come in conjugate pairs z, z̄ with |z| = |z̄|.

Example 5.3: AR(2) with complex roots

Consider the model xt = xt−1 − 0.8xt−2 + wt, i.e. ϕ1 = 1.0, ϕ2 = −0.8.
Step 1 — characteristic polynomial: ϕ(z) = 1− z + 0.8z2.

Step 2 — solve ϕ(z) = 0:

0.8z2 − z + 1 = 0 =⇒ z =
1±
√
1− 3.2

1.6
=

1±
√
−2.2

1.6
=

1± i
√
2.2

1.6
.

Step 3 — compute the moduli:

|z1,2| =

√

12 + (
√
2.2)2

1.6
=

√
1 + 2.2

1.6
=

√
3.2

1.6
=

1.789

1.6
≈ 1.118.

Step 4 — stationarity check: since |z1,2| ≈ 1.118 > 1, both roots lie outside the unit circle,
so the process is causal and stationary.

AR stationarity: summary

For the AR(1) model xt = ϕxt−1 + wt with root z0 = 1/ϕ:

Condition Root location Property

|ϕ| < 1 |z0| > 1: outside circle Causal & stationary
|ϕ| = 1 |z0| = 1: on circle Unit root; non-stationary
|ϕ| > 1 |z0| < 1: inside circle Stationary, not causal

For the general AR(p) model ϕ(B)xt = wt with roots z1, . . . , zp:

Root condition Property

All |zj | > 1 (all outside the unit circle) Causal & stationary
Any |zj | = 1 (a unit root is present) Not stationary
Any |zj | < 1 (a root inside the unit circle) Stationary, not causal

5.5 The AR(1) Autocovariance, Step by Step

In Section 5.2 we obtained the AR(1) autocovariance by first writing xt as a linear process and
then summing. There is a second, more direct route that avoids the linear-process representation
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entirely: work straight from the recursion xt = ϕxt−1 + wt, multiplying by lagged values and taking
expectations. This is the method that generalises to AR(p) through the Yule–Walker equations, so
it is worth seeing carefully in the AR(1) case first.

Setting up the computation

Recall the AR(1) model and assume |ϕ| < 1, so the process is stationary:

xt = ϕxt−1 + wt, wt ∼WN(0, σ2w), |ϕ| < 1.

Remark 5.12: The key assumption on the innovations

The whole computation rests on one fact:

Cov(wt, xt−j) = 0 for all j > 0.

That is, the current shock is uncorrelated with all past values of the series. This holds because
xt−j is built only from wt−j , wt−j−1, . . . — innovations dated strictly before time t — and
distinct white-noise terms are uncorrelated.

First, the mean. Taking expectations of both sides and using stationarity (E(xt) = E(xt−1) = µ),

E(xt) = ϕE(xt−1) + E(wt) =⇒ µ = ϕµ+ 0 =⇒ µ = 0 (since ϕ ̸= 1).

Working with this zero-mean series simplifies the autocovariance to a plain product moment:

γ(h) = Cov(xt+h, xt) = E[xt+hxt]− E[xt+h]E[xt] = E[xt+hxt].

The variance γ(0)

Square both sides of xt = ϕxt−1 + wt and take expectations:

E[x2t ] = E
[
(ϕxt−1 + wt)

2
]
= ϕ2 E[x2t−1] + 2ϕE[xt−1wt] + E[w2

t ].

By the key assumption E[xt−1wt] = 0, and E[w2
t ] = σ2w. By stationarity E[x2t ] = E[x2t−1] = γ(0), so

γ(0) = ϕ2γ(0) + σ2w =⇒ γ(0) (1− ϕ2) = σ2w =⇒ γ(0) =
σ2w

1− ϕ2 .

This is finite and positive because |ϕ| < 1 gives 1− ϕ2 > 0.

The autocovariance γ(h) for h > 0

Multiply the model at time t+ h by xt and take expectations:

Cov(xt+h, xt) = E[xt+hxt] = ϕE[xt+h−1xt] + E[wt+hxt].

Since h > 0, the shock wt+h occurs strictly after time t, so xt is already determined before wt+h

arrives; hence E[wt+hxt] = 0. This leaves the Yule–Walker recursion

γ(h) = ϕ γ(h− 1), h > 0.
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Iterating from the base case γ(0),

γ(1) = ϕ γ(0), γ(2) = ϕ γ(1) = ϕ2γ(0), . . . , γ(h) = ϕhγ(0).

Substituting γ(0) and using the symmetry γ(−h) = γ(h) gives the autocovariance for every lag:

γ(h) =
σ2w ϕ

|h|

1− ϕ2 , h ∈ Z.

Remark 5.13: Two routes, one answer

This matches the result of the linear-process calculation in Section 5.2 exactly. The two
derivations are complementary: the linear-process route makes the structure xt =

∑

j ϕ
jwt−j

explicit, while the recursion route is shorter and — crucially — generalises directly to AR(p).

The autocorrelation function and its shape

Dividing by γ(0) gives the autocorrelation function

ρ(h) =
γ(h)

γ(0)
= ϕ|h|.

The shape depends on the sign of ϕ. For ϕ > 0 we have ρ(h) > 0 at every lag, and the ACF
decays monotonically to zero — positive correlation at all lags. For ϕ < 0 the ACF ρ(h) = (−|ϕ|)h
alternates in sign: even lags are positively correlated, odd lags negatively, and the series oscillates.
In both cases |ρ(h)| → 0 as h→∞ — the AR(1) ACF always tails off and never cuts off to exactly
zero at a finite lag.

Figure 5.6: AR(1) ACF ρ(h) = ϕ|h|. Left (ϕ = +0.7): monotone decay, positive at every lag. Right
(ϕ = −0.7): alternating decay. In neither case does the ACF cut off abruptly.

5.6 Yule–Walker Equations: AR(2) and AR(p)

The recursion route of the previous section is not special to AR(1). Applied to a general AR(p) it
produces the Yule–Walker equations, a linear system linking the AR coefficients to the autocorrela-
tions.
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The AR(2) model and its stationarity region

Definition 5.8: AR(2) Model

The AR(2) model is

xt = ϕ1xt−1 + ϕ2xt−2 + wt, ϕ2 ̸= 0, wt ∼WN(0, σ2w).

Stationarity requires all roots of ϕ(z) = 1− ϕ1z − ϕ2z2 to lie strictly outside the unit circle. For
AR(2) this root condition is equivalent to three simple inequalities on the coefficients:

1− ϕ1 − ϕ2 > 0, 1 + ϕ1 − ϕ2 > 0, |ϕ2| < 1.

The set of (ϕ1, ϕ2) satisfying all three is a triangle — the AR(2) stationarity region. Points
outside the triangle correspond to non-stationary or explosive processes.

Figure 5.7: The AR(2) stationarity region: the triangle of (ϕ1, ϕ2) pairs satisfying 1 − ϕ1 − ϕ2 > 0,
1+ ϕ1− ϕ2 > 0, and |ϕ2| < 1. The marked point (ϕ1, ϕ2) = (0.5, 0.3) lies inside, so that process is stationary.

Mean and the Yule–Walker recursion

Taking expectations of the AR(2) equation, µ = ϕ1µ+ ϕ2µ+ 0, so µ(1− ϕ1 − ϕ2) = 0 and hence
µ = 0. With a zero-mean series, the Yule–Walker idea generalises the AR(1) trick: for h > 0,
multiply both sides of the AR(2) equation (written at time t+ h) by xt and take expectations,

E[xt+hxt] = ϕ1 E[xt+h−1xt] + ϕ2 E[xt+h−2xt] + E[wt+hxt]
︸ ︷︷ ︸

=0 (h>0)

.

This yields the recursion, in autocovariance and (dividing by γ(0)) in autocorrelation form:

γ(h) = ϕ1γ(h− 1) + ϕ2γ(h− 2), ρ(h) = ϕ1ρ(h− 1) + ϕ2ρ(h− 2), h > 0.



Chapter 5. Lecture 5 67

Solving for ρ1 and ρ2

Evaluate the autocorrelation recursion at h = 1, using ρ(0) = 1 and the evenness ρ(−1) = ρ(1):

ρ(1) = ϕ1ρ(0) + ϕ2ρ(−1) = ϕ1 + ϕ2ρ(1) =⇒ ρ1(1− ϕ2) = ϕ1 =⇒ ρ1 =
ϕ1

1− ϕ2
.

At h = 2,

ρ(2) = ϕ1ρ(1) + ϕ2ρ(0) = ϕ1ρ1 + ϕ2 =
ϕ21

1− ϕ2
+ ϕ2 =

ϕ21 + ϕ2(1− ϕ2)
1− ϕ2

.

Higher lags follow by applying the recursion ρ(h) = ϕ1ρ(h− 1) + ϕ2ρ(h− 2) iteratively.

The variance γ(0) of AR(2)

For γ(0), take the h = 0 case: multiply xt = ϕ1xt−1 + ϕ2xt−2 + wt by xt and take expectations,

γ(0) = ϕ1γ(1) + ϕ2γ(2) + σ2w.

Writing γ(1) = ρ1γ(0) and γ(2) = ρ2γ(0) and solving,

γ(0)
(
1− ϕ1ρ1 − ϕ2ρ2

)
= σ2w.

Substituting ρ1 = ϕ1/(1− ϕ2) and ρ2 = ϕ1ρ1 + ϕ2 and simplifying gives the closed form

γ(0) =
σ2w (1− ϕ2)

(1 + ϕ2)
[
(1− ϕ2)2 − ϕ21

] .

Figure 5.8: AR(2) ACF for ϕ1 = 0.5, ϕ2 = 0.3. The theoretical ACF (red dashes) computed from the
Yule–Walker equations matches the sample ACF closely. As with AR(1), the ACF tails off but never cuts to
zero.

The general AR(p) Yule–Walker system
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Theorem 5.2: AR(p) Yule–Walker Equations

For the AR(p) model ϕ(B)xt = wt, multiplying by xt and taking expectations gives, for h > 0,

ρ(h) = ϕ1ρ(h− 1) + ϕ2ρ(h− 2) + · · ·+ ϕpρ(h− p).

Evaluating at h = 1, 2, . . . , p gives the Yule–Walker system








1 ρ1 ρ2 · · · ρp−1

ρ1 1 ρ1 · · · ρp−2
...

. . .
...

ρp−1 ρp−2 · · · 1








︸ ︷︷ ︸

P (ρ), Toeplitz








ϕ1
ϕ2
...
ϕp








=








ρ1
ρ2
...
ρp







.

The system can be read in two directions. Given the coefficients ϕj , it determines the theoretical
ACF values ρh. Given a sample ACF ρ̂h, it can be inverted to estimate the coefficients,
φ̂ = P (ρ̂)−1ρ̂ — this is Yule–Walker estimation.

5.7 The MA(∞) Representation: Operator Inversion

We already know that a stationary AR(1) can be written as an infinite moving average, xt =
∑∞

j=0 ϕ
jwt−j , found in Section 5.2 by back-substitution. Here we re-derive it more formally by

inverting the lag operator, a method that extends to AR(p).

Operator algebra

The goal is to solve ϕ(B)xt = wt for xt, i.e. to find xt = ϕ(B)−1wt = ψ(B)wt. Define the truncated
inverse

ψ∗
j (B) = 1 + ϕB + ϕ2B2 + · · ·+ ϕjBj .

A direct multiplication telescopes:

ψ∗
j (B) (1− ϕB) = 1− ϕ j+1B j+1.

Applying ψ∗
j (B) to the model ϕ(B)xt = (1− ϕB)xt = wt,

ψ∗
j (B)wt = ψ∗

j (B)ϕ(B)xt = xt − ϕ j+1xt−j−1.

As j →∞: since |ϕ| < 1 and Var(xt) <∞, the remainder ϕ j+1xt−j−1 → 0 in mean square, leaving

xt = lim
j→∞

ψ∗
j (B)wt =

∞∑

j=0

ϕjwt−j .

Coefficient matching

A cleaner algebraic route writes xt = ψ(B)wt with ψ(B) =
∑∞

j=0 ψjB
j and imposes ϕ(B)ψ(B) = 1:

(1− ϕB)
(
ψ0 + ψ1B + ψ2B

2 + · · ·
)
= 1.
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Matching the coefficient of each power of B,

B0 : ψ0 = 1, B1 : ψ1 − ϕψ0 = 0⇒ ψ1 = ϕ, B2 : ψ2 − ϕψ1 = 0⇒ ψ2 = ϕ2,

and in general ψj = ϕψj−1, so ψj = ϕj — the same MA(∞) weights as before.

Remark 5.14: Absolute summability confirms stationarity

The weights ψj = ϕj are absolutely summable:

∞∑

j=0

|ψj | =
∞∑

j=0

|ϕ|j = 1

1− |ϕ| <∞ since |ϕ| < 1.

This is precisely the condition (Section 5.2) that makes the MA(∞) series a legitimate, finite-
variance stationary process.

Figure 5.9: MA(∞) weights ψj = ϕj from inverting the AR(1) operator. Left (ϕ = 0.7): all positive,
geometric decay — the distant past still influences xt, but increasingly less. Right (ϕ = −0.5): alternating
signs, also geometrically damped.

This makes the answer to “does xt depend on prior shocks?” precise: every past shock wt−j enters
xt with weight ϕj . The weights never reach exactly zero, so xt has infinite but decaying memory.

5.8 Partial Fraction Decomposition

For AR(2) and higher orders, inverting ϕ(B) by raw coefficient matching still works but gives the
ψj only recursively. Partial fractions give a closed form.

Setting up

Factor the AR(2) polynomial as

ϕ(B) = 1− ϕ1B − ϕ2B2 = (1− λ1B)(1− λ2B),
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where 1/λ1, 1/λ2 are the roots of ϕ(z) = 0; stationarity requires |λi| < 1. We want ψ(B) = ϕ(B)−1,
i.e. the expansion of

1

(1− λ1B)(1− λ2B)
.

Assuming distinct factors (λ1 ̸= λ2), write the partial fraction decomposition

1

(1− λ1B)(1− λ2B)
=

a

1− λ1B
+

b

1− λ2B
.

Finding the coefficients

Multiplying both sides by (1 − λ1B)(1 − λ2B) gives the identity 1 = a(1 − λ2B) + b(1 − λ1B).
Evaluating at B = 1/λ1 and B = 1/λ2 isolates each constant:

a =
λ1

λ1 − λ2
, b =

λ2
λ2 − λ1

= − λ2
λ1 − λ2

.

The MA(∞) weights

Expand each term as a geometric series, valid for |λi| < 1:

1

1− λiB
=

∞∑

j=0

λ j
i B

j .

Combining,

ψ(B) =
λ1

λ1 − λ2

∞∑

j=0

λ j
1B

j − λ2
λ1 − λ2

∞∑

j=0

λ j
2B

j =
∞∑

j=0

ψjB
j , ψj =

λ j+1
1 − λ j+1

2

λ1 − λ2

As a check: at j = 0, ψ0 = (λ1 − λ2)/(λ1 − λ2) = 1; and at j = 1, ψ1 = (λ21 − λ22)/(λ1 − λ2) =
λ1 + λ2 = ϕ1, using λ1 + λ2 = ϕ1.

The same result by coefficient matching

The partial-fraction formula can also be reached by matching coefficients in ϕ(B)ψ(B) = 1:

(1− ϕ1B − ϕ2B2)(ψ0 + ψ1B + ψ2B
2 + · · · ) = 1,

which gives ψ0 = 1, ψ1 = ϕ1, and for j ≥ 2 the linear recurrence

ψj = ϕ1ψj−1 + ϕ2ψj−2.

This is the same recurrence as the Yule–Walker equation for ρ(h). Its general solution is ψj =

C1λ
j
1 − C2λ

j
2 , which matches the partial-fraction result with Ci = λi/(λ1 − λ2).

Remark 5.15: Generalisation to AR(p)

For an AR(p) process with distinct roots, the same decomposition gives

ψj = C1λ
j
1 + C2λ

j
2 + · · ·+ Cpλ

j
p ,
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where the constants Ci come from the partial-fraction decomposition of 1/ϕ(B). The MA(∞)
weights are thus a sum of p geometrically decaying modes, one per root.

Remark 5.16: Lecture summary

The threads of this lecture come together as follows.

• AR(1) ACVF. γ(h) = σ2w ϕ
|h|/(1− ϕ2) and ρ(h) = ϕ|h| — an exponential tail-off that

never cuts off.

• Yule–Walker for AR(p). ρ(h) = ϕ1ρ(h− 1) + · · ·+ ϕpρ(h− p) for h > 0; the matrix
system P (ρ)φ = ρ converts between coefficients and ACF values in either direction.

• MA(∞) representation. A stationary AR(p) is equivalent to xt =
∑∞

j=0 ψjwt−j with
∑

j |ψj | <∞; the weights satisfy ψj = ϕ1ψj−1+ · · ·+ϕpψj−p and, for distinct roots, have

the closed form ψj =
∑

iCiλ
j
i .
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Lecture 6

6.1 Moving Average (MA) Processes

What is a moving average model?

A moving average model is built on the idea that the current value of a series, xt, is a finite
weighted sum of current and recent white noise shocks:

xt = wt + θ1wt−1 + θ2wt−2 + · · ·+ θqwt−q.

It is instructive to contrast this with the autoregressive model of the previous lecture. In an AR(p)
model, xt is regressed on its own past values ; in an MA(q) model, xt is instead a linear combination
of current and past shocks — no past values of xt themselves appear on the right-hand side.

This difference has a sharp consequence for memory. The AR model has infinite memory:
a shock entering the system continues to influence all future values, with an effect that decays
geometrically but never vanishes. The MA model, by contrast, has finite memory: a shock older
than q periods has exactly zero influence on the present. The diagnostic signature of this is that the
ACF of an MA(q) process is exactly zero beyond lag q — it cuts off, rather than tailing off.

When does MA modelling make sense?

MA models are natural whenever the effect of a shock or disturbance lasts for a limited, known
number of periods and then disappears completely. Put differently, they make sense when a series
exhibits short-memory dependence driven primarily by shocks or noise, rather than
persistent dependence on its own past values. Several settings illustrate the idea.

In inventory and production, a supply disruption affects output for a few periods — the time
needed to reorder and restock — after which the system returns to normal; an MA(1) or MA(2)
captures this well. For financial returns after news, a market-moving announcement such as an
earnings release or central bank decision causes abnormal returns for one or two trading days, after
which prices have fully incorporated the information. In meteorology, daily temperature anomalies
caused by a passing weather front typically dissipate within a day or two. With measurement
error, if an instrument averages its readings over the last q periods, the observed values follow
an MA(q) model even when the true underlying process is white noise. Finally, residuals after
detrending or differencing often retain short-range MA structure once trend and seasonality
have been removed.

72
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6.2 The MA(q) Model: Definition and Properties

Definition 6.1: MA(q) Model

A moving average model of order q, written MA(q), is

xt = wt + θ1wt−1 + θ2wt−2 + · · ·+ θqwt−q,

where wt ∼WN(0, σ2w) and θ1, . . . , θq are constants with θq ̸= 0. In backshift operator form,

xt = θ(B)wt, θ(B) = 1 + θ1B + θ2B
2 + · · ·+ θqB

q.

Mean and variance

The first two moments follow directly from the definition. By linearity of expectation, the mean is

E(xt) = E(wt) + θ1E(wt−1) + · · ·+ θqE(wt−q) = 0,

so the mean is zero and constant in t for any choice of the parameters. For the variance, the white
noise terms wt−j are uncorrelated, so the cross-terms vanish and only the squared terms survive:

Var(xt) = σ2w
(
1 + θ21 + θ22 + · · ·+ θ2q

)
= σ2w

q
∑

j=0

θ2j ,

where we adopt the convention θ0 = 1. This is finite for every choice of the θj , which already hints
that stationarity will be automatic.

Autocovariance function

To find the autocovariance at lag h with |h| ≤ q, multiply xt+h by xt and take expectations:

γ(h) = Cov(xt+h, xt) = E









q
∑

j=0

θjwt+h−j





(
q
∑

k=0

θkwt−k

)

 .

Since E[wt+h−j wt−k] = σ2w 1h−j=−k = σ2w 1k=j−h, only the terms with k = j − h contribute, giving

γ(h) = σ2w

q
∑

j=h

θj θj−h, 0 ≤ h ≤ q,

again with θ0 = 1. For |h| > q the time-index sets of the two sums do not overlap at all, so γ(h) = 0.

Theorem 6.1: ACF of an MA(q) Process Cuts Off

For an MA(q) process, γ(h) = 0 for all |h| > q. The autocorrelation function is exactly zero
beyond lag q — it cuts off, it does not tail off. This sharp cut-off is the defining diagnostic
signature of an MA(q) process.
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Stationarity

Every MA(q) process is always covariance stationary, regardless of the values of θ1, . . . , θq,
because xt is a finite linear combination of white noise terms with constant mean and a covariance
structure that depends only on the lag h. There is therefore no stationarity condition to check —
stationarity is automatic. The substantive issue for MA models is instead invertibility, taken up
in Section 6.5.

6.3 The MA(1) Process

For the first-order model xt = wt + θwt−1, the general formulae specialise neatly. The variance
(the case h = 0) is

γ(0) = Var(xt) = σ2w (1 + θ2).

The lag-1 covariance is

γ(1) = Cov(xt+1, xt) = E
[
(wt+1 + θwt)(wt + θwt−1)

]
= θσ2w.

Expanding the product and using E[wiwj ] = σ2w 1i=j , only the cross-term E[θwt · wt] = θσ2w
survives. For any lag |h| ≥ 2 the two expressions share no common innovation, so γ(h) = 0. The
autocorrelation function is therefore

ρ(h) =







1, h = 0,

θ

1 + θ2
, |h| = 1,

0, |h| ≥ 2.

Remark 6.1: The lag-1 ACF of an MA(1) is bounded

The function θ/(1 + θ2) satisfies |ρ(1)| ≤ 1
2 for all θ, attaining its extreme values ±1

2 at θ = ±1.
Thus an MA(1) process can never have a lag-1 autocorrelation outside [−1

2 ,
1
2 ] — a useful sanity

check when fitting.
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Figure 6.1: MA(1) sample paths. With θ = +0.5 (top), neighbouring values tend to move together,
producing a slightly smoother series. With θ = −0.5 (bottom), neighbouring values tend to move in opposite
directions, producing a jagged, rapidly oscillating series.

Figure 6.2: MA(1) ACF. The autocorrelation cuts off sharply after lag 1, and the sample values match the
theoretical values (red dashes).
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6.4 The MA(2) Process

For the second-order model xt = wt + θ1wt−1 + θ2wt−2, applying the general autocovariance formula
with θ0 = 1 gives the following. The variance is

γ(0) = σ2w (1 + θ21 + θ22).

The lag-1 autocovariance sums over j = 1, 2 with k = j − 1:

γ(1) = σ2w (θ1 · 1 + θ2 · θ1) = σ2w θ1(1 + θ2).

The lag-2 autocovariance has only the term j = 2, k = 0:

γ(2) = σ2w θ2.

For |h| ≥ 3 there is no overlap and γ(h) = 0. Dividing through by γ(0) gives the ACF,

ρ(1) =
θ1(1 + θ2)

1 + θ21 + θ22
, ρ(2) =

θ2
1 + θ21 + θ22

, ρ(h) = 0 for |h| ≥ 3.

Figure 6.3: MA(2) sample ACF versus theoretical (red dashes) for two parameter sets. In both cases the
ACF cuts off cleanly after lag 2. The pattern at lags 1 and 2 encodes the sign and magnitude of θ1 and θ2.

6.5 Non-Uniqueness and Invertibility

The non-uniqueness problem

A subtlety of MA models is that two different parameterisations can produce exactly the same
autocorrelation structure. Consider the two MA(1) models

xt = wt +
1
5wt−1, wt

iid∼ N(0, 25), yt = vt + 5 vt−1, vt
iid∼ N(0, 1).

Computing the lag-1 ACF of each,

ρx(1) =
1/5

1 + (1/5)2
=

1/5

26/25
=

5

26
, ρy(1) =

5

1 + 25
=

5

26
.
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The two processes have identical ACFs — and, if Gaussian, identical distributions — yet they are
parameterised differently. Given only data, we cannot distinguish them on statistical grounds alone.
The general pattern is that θ and 1/θ, with σw rescaled appropriately, always produce the same
ACF. This is the non-uniqueness problem of MA models.

Figure 6.4: Sample ACFs from the θ = 1/5 model (left) and the θ = 5 model (right), both with variance
rescaled so that ρ(1) ≈ 5/26. The theoretical lag-1 value (red dotted line) is identical for both — the data
cannot tell the models apart.

Resolving non-uniqueness: invertibility

Since several representations describe the same model, we need a principled rule for choosing one.
We take our cue from the AR case. For an AR model we require causality : we rewrite the process as
an infinite sum of past shocks — an MA(∞) representation — to identify the stationary solution. For
the MA model we mimic this criterion in the opposite direction: among the multiple representations
of the same model, we choose the one that admits an infinite autoregressive representation, AR(∞),
expressing wt in terms of past observations of xt. Such a process is called invertible.

To see how this picks out a unique model, reverse the roles of xt and wt. Starting from
xt = wt + θwt−1 and rearranging,

wt = −θwt−1 + xt.

Iterating this recursion backward, if |θ| < 1 the resulting series converges:

wt =
∞∑

j=0

(−θ)jxt−j = π(B)xt.

This is a valid AR(∞) representation of the process in terms of its own past, so the process is
invertible. If |θ| > 1 the series diverges and no such representation exists.

Theorem 6.2: Invertibility Criterion for MA(1)

The MA(1) process xt = wt + θwt−1 is invertible if and only if |θ| < 1.



Chapter 6. Lecture 6 78

Theorem 6.3: Invertibility Criterion for MA(q)

Write the MA(q) process in backshift form, xt = θ(B)wt. The invertible representation is
π(B)xt = wt with π(B) = θ(B)−1 a formal power series. The MA(q) process is invertible if
and only if all roots of the MA polynomial

θ(z) = 1 + θ1z + θ2z
2 + · · ·+ θqz

q

lie strictly outside the unit circle: θ(z) = 0 =⇒ |z| > 1.

Just as we always work with the causal (stationary) solution of an AR model, we always choose
the invertible representation of an MA model. Among all MA models sharing the same ACF, the
invertible one is the canonical choice, and it is the representation whose polynomial roots all satisfy
|zj | > 1.

The MA(2) invertibility region

For an MA(2) process the polynomial is θ(z) = 1 + θ1z + θ2z
2. Requiring both roots of θ(z) = 0 to

lie outside the unit circle is equivalent to the three inequalities

|θ2| < 1, 1 + θ1 − θ2 > 0, 1− θ1 − θ2 > 0.

These are exactly the AR(2) stationarity conditions with ϕi replaced by θi — a direct reflection of
the duality between AR and MA models. Parameter pairs inside the resulting triangular region
give invertible MA(2) models; pairs outside correspond to non-invertible representations, which we
discard in favour of their invertible equivalents.

Figure 6.5: The MA(2) invertibility region. Points inside the triangle satisfy |θ2| < 1 and 1± θ1 − θ2 > 0
and give invertible models; points outside do not.
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6.6 General MA(q): Summary of Results

Summary of properties

Collecting the results above, the autocovariance and autocorrelation functions of an MA(q) process
are

γ(h) =







σ2w

q
∑

j=h

θj θj−h, 0 ≤ h ≤ q,

0, h > q,

(θ0 = 1),

ρ(h) =

∑q
j=h θj θj−h
∑q

j=0 θ
2
j

, 0 ≤ h ≤ q; ρ(h) = 0, h > q.

An MA(q) model is always covariance stationary, and it is invertible if and only if all roots of
θ(z) = 0 lie strictly outside the unit circle. Among all MA models with a given ACF, the invertible
one is the canonical choice.

Duality with AR(p)

The AR and MA families mirror one another point for point. The table below summarises the
correspondence.

AR(p) MA(q)

Definition ϕ(B)xt = wt xt = θ(B)wt

Stationarity Roots of ϕ(z) outside unit circle Always stationary

Key condition Causality Invertibility

Causality / invertibil-
ity

Roots of ϕ(z) outside unit circle Roots of θ(z) outside unit circle

MA(∞) representa-
tion

xt = ψ(B)wt (causal) Always (finite sum)

AR(∞) representa-
tion

Always (finite AR) π(B)xt = wt (invertible)

ACF Tails off Cuts off after lag q

Table 6.1: Duality between AR(p) and MA(q) processes.

The MA(∞) process

The MA(q) model can be extended to allow infinitely many lagged shocks, giving the MA(∞)
process.
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Definition 6.2: MA(∞) Process

The MA(∞) process is

xt =

∞∑

j=0

θj wt−j = wt + θ1wt−1 + θ2wt−2 + · · · , wt ∼WN(0, σ2w),

where θ0 = 1 by convention and {θj} is a sequence of real coefficients.

The MA(∞) representation matters because it unifies the model families: every causal AR(p) process
has an MA(∞) representation, the MA(q) model is the special case in which θj = 0 for all j > q,
and a general stationary linear process is an MA(∞) with suitably summable coefficients.

For the moments, the mean is

E(xt) =
∞∑

j=0

θj E(wt−j) = 0,

and, since distinct wt−j are uncorrelated, the variance is

γ(0) = Var(xt) = σ2w

∞∑

j=0

θ2j ,

which is finite if and only if
∑∞

j=0 θ
2
j <∞. This square-summability condition is what ensures xt is

well defined in L2; it is weaker than absolute summability.
The autocovariance at lag h ≥ 0 is obtained by pairing terms that share the same innovation:

γ(h) = Cov(xt+h, xt) = σ2w

∞∑

j=0

θj+h θj .

For this sum to converge absolutely for all h, the sufficient condition is absolute summability,

∞∑

j=0

|θj | <∞.

Absolute summability implies
∑
θ2j <∞, so it is the standard working condition. Under it, γ(h)→ 0

as h→∞ and xt is covariance stationary.
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Lecture 7

7.1 ARMA(p, q) Models

The ARMA family

In the last 2 lectures, we looked at AR(p) — autoregressive of order p — and MA(q) — moving
average of order q. In today’s lecture, we study the following hierarchy of models:

• ARMA(p, q) — autoregressive moving average.

• ARIMA(p, d, q) — integrated extension (non-stationary).

• SARIMA(p, d, q)(P,D,Q)s — seasonal extension.

Each model is a building block for the next. ARMA combines AR and MA into a single parsimonious
framework.

ARMA(p, q): definition

Definition 7.1: ARMA(p, q)

A time series {Xt} is ARMA(p, q) if it is stationary and

Xt = ϕ1Xt−1 + · · ·+ ϕpXt−p + εt + θ1εt−1 + · · ·+ θqεt−q,

where ϕp ≠ 0, θq ≠ 0, εt ∼WN(0, σ2). The parameters p and q denote the autoregressive and
the moving average orders, respectively.

In backshift operator notation:
ϕ(B)Xt = θ(B) εt,

where
ϕ(B) = 1− ϕ1B − · · · − ϕpBp, θ(B) = 1 + θ1B + · · ·+ θqB

q.

Special cases: ARMA(p,0) = AR(p); ARMA(0,q) = MA(q).

ARMA(p, q): non-zero mean

If Xt has a non-zero mean µ, set α = µ (1− ϕ1 − ϕ2 − · · · − ϕp) and write

Xt = α+ ϕ1Xt−1 + · · ·+ ϕpXt−p + εt + θ1εt−1 + · · ·+ θqεt−q.

81
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• When ϕ1 + · · ·+ ϕp ̸= 1 (guaranteed by stationarity), µ = α/(1− ϕ1 − · · · − ϕp).
• In practice one often works with the mean-corrected series Zt = Xt − µ, which satisfies a
zero-mean ARMA model.

Parameter redundancy

Problem: an ARMA model may not be uniquely identified.

Example 7.1: Parameter Redundancy

Let Xt = εt be a white noise. Multiply both sides by η(B) = 1−0.5B, then the model becomes:

(1− 0.5B)Xt = (1− 0.5B) εt =⇒ Xt = 0.5Xt−1 + εt − 0.5εt−1.

This makes Xt look like ARMA(1,1), but Xt is white noise. The root cause of this misconception
is parameter redundancy or over-parameterization.

Root of the problem: the AR polynomial ϕ(z) = 1− 0.5z and MA polynomial θ(z) = 1− 0.5z
share a common factor, creating parameter redundancy.

Solution: require that ϕ(z) and θ(z) have no common factors. This ensures the ARMA
representation is unique.

Potential issues

We have seen three problems encountered by the ARMA family of models. Below are solutions to
deal with them:

Problem Source Solution

Parameter redundancy ARMA ϕ(z), θ(z) share no common roots

Model depends on future AR part Require causality

Non-unique representation MA part Require invertibility

We next look at the formal definition of causality and invertibility for ARMA models, which are
similar to the ones for AR and MA models. The AR and MA characteristic polynomials are

ϕ(z) = 1− ϕ1z − · · · − ϕpzp, ϕp ̸= 0, θ(z) = 1 + θ1z + · · ·+ θqz
q, θq ̸= 0,

where z is a complex number.

Causal ARMA

Definition 7.2: Causal ARMA

An ARMA(p, q) model is causal if {Xt} can be written as a one-sided linear process

Xt =

∞∑

j=0

ψjεt−j = ψ(B) εt,
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where

ψ(B) =
∞∑

j=0

ψjB
j , ψ0 = 1, and

∞∑

j=0

|ψj | <∞.

This definition is similar to the definition of a causal AR process, however inverting the ARMA
process to a linear process will be slightly more involved due to the presence of the MA component
as well.

Theorem 7.1: Causality of ARMA

An ARMA(p, q) model is causal if and only if ϕ(z) ̸= 0 for all |z| ≤ 1. The coefficients ψj of
the linear process can be determined by solving

ψ(z) =

∞∑

j=0

ψjz
j =

θ(z)

ϕ(z)
, |z| ≤ 1.

In other words, causality requires all roots of ϕ(z) to lie strictly outside the unit circle, i.e.
ϕ(z) = 0⇒ |z| > 1. Causality of ARMA also implies stationarity.

Remark 7.1: Remark

To obtain the coefficients ψj , one first inverts the AR characteristic polynomial ϕ(z) (using
for instance, partial fraction approach) and then factors in the multiplication with the MA
characteristic polynomial θ(z); or directly by coefficient matching.

Invertible ARMA

Definition 7.3: Invertible ARMA

An ARMA(p, q) model is invertible if {Xt} can be written as

π(B)Xt =

∞∑

j=0

πjXt−j = εt,

where

π(B) =

∞∑

j=0

πjB
j , with π0 = 1, and

∞∑

j=0

|πj | <∞.

Theorem 7.2: Invertibility of ARMA

An ARMA(p, q) model is invertible if and only if θ(z) ̸= 0 for all |z| ≤ 1. The coefficients πj of
the linear process can be determined by solving

π(z) =
∞∑

j=0

πjz
j =

ϕ(z)

θ(z)
, |z| ≤ 1.

In other words, invertibility requires all roots of θ(z) to lie strictly outside the unit circle, i.e.
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θ(z) = 0⇒ |z| > 1.

Remark 7.2: Remark

To obtain the coefficients πj , one first inverts the MA characteristic polynomial θ(z) (using
for instance, partial fraction approach) and then factors in the multiplication with the AR
characteristic polynomial ϕ(z); or directly by coefficient matching.

Example: ARMA(p, q)

Example 7.2: ARMA(p, q) Identification

Consider the following time series model

xt = 0.4xt−1 + 0.45xt−2 + wt + wt−1 + 0.25wt−2 (1)

1. Identify the above model as ARMA(p, q) model (watch out parameter redundancy).

2. Determine whether the model is causal and/or invertible.

3. If the model is causal, write the model as a linear process.

7.2 ACVF of ARMA Models

ARMA(1,1): model and setup

Model:
Xt = ϕXt−1 + εt + θεt−1, εt ∼WN(0, σ2), |ϕ| < 1.

The MA(∞) representation (from causality) is Xt =
∑∞

j=0 ψjεt−j where ψ0 = 1, ψ1 = ϕ+ θ, and

ψj = ϕj−1(ϕ+ θ) for j ≥ 1.
Strategy for ACVF:

1. Compute γ(0) using Var(Xt).

2. Compute γ(1) directly from the model.

3. For h ≥ 2, use the Yule–Walker-type recurrence.

ARMA(1,1): computing γ(0) and γ(1)

Variance γ(0):

Var(Xt) = Var(ϕXt−1 + εt + θεt−1)

= ϕ2σ2X + σ2 + θ2σ2 + 2ϕθCov(Xt−1, εt−1)

= ϕ2σ2X + (1 + θ2)σ2 + 2ϕθσ2.

Since Cov(Xt−1, εt−1) = σ2 (from the MA(∞) rep.), we get

γ(0)(1− ϕ2) = σ2(1 + 2ϕθ + θ2) =⇒ γ(0) =
(1 + 2ϕθ + θ2)σ2

1− ϕ2 .

ACVF at lag 1:

γ(1) = Cov(Xt+1, Xt) = Cov(ϕXt + εt+1 + θεt, Xt) = ϕ γ(0) + θσ2.
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ARMA(1,1): ACVF for h ≥ 2 and ACF

Recurrence for h ≥ 2:

γ(h) = Cov(Xt+h, Xt) = Cov(ϕXt+h−1 + εt+h + θεt+h−1, Xt)

= ϕγ(h− 1) [since εt+h, εt+h−1 ⊥ Xt for h ≥ 2].

Therefore γ(h) = ϕh−1γ(1) for h ≥ 1, and

ρ(h) =
γ(h)

γ(0)
=







1 h = 0,

(ϕ+ θ)(1 + ϕθ)

1 + 2ϕθ + θ2
h = 1,

ϕh−1ρ(1) h ≥ 2.

Key feature: the ACF tails off like AR for h ≥ 2, but the lag-1 value is “shifted” by the MA
parameter θ.

Figure 7.1: ARMA(1,1) ACF. The ACF starts at a lag-1 value determined by both ϕ and θ, then decays
geometrically at rate ϕ. Neither cuts off (as MA would) nor decays from lag 1 (as AR does) — it is a mixture
of both behaviours.

Figure 7.2: ARMA(1,1) sample paths. Both ϕ and θ shape the short-run dynamics: θ amplifies or dampens
the immediate effect of each shock, while ϕ governs the persistence / oscillation.



Chapter 7. Lecture 7 86

ARMA(2,2): model and setup

Model:
Xt = ϕ1Xt−1 + ϕ2Xt−2 + εt + θ1εt−1 + θ2εt−2, εt ∼WN(0, σ2).

Backshift form: ϕ(B)Xt = θ(B)εt.
Strategy:

1. Multiply both sides of the model by Xt−h and take expectations.

2. For h = 0: obtain γ(0) in terms of γ(1), γ(2), and σ2-weighted cross-terms involving ε and X.

3. For h ≥ 3: ACVF satisfies the AR(2) Yule–Walker recurrence γ(h) = ϕ1γ(h− 1) + ϕ2γ(h− 2).

The lags h = 1 and h = 2 require special treatment because εt−h is not yet independent of Xt−h at
those lags.

ARMA(2,2): ACVF at lags 0, 1, 2

For the general ARMA(p, q) case, Cov(εt−k, Xt) = σ2ψk where ψk are the MA(∞) coefficients
(obtained by coefficient matching from ϕ(B)ψ(B) = θ(B)). For ARMA(2,2): ψ0 = 1, ψ1 = ϕ1 + θ1,
ψ2 = ϕ1ψ1 + ϕ2 + θ2.

Lag 0 (multiply model by Xt, take E) : γ(0) = ϕ1γ(1) + ϕ2γ(2) + σ2(ψ0 + θ1ψ1 + θ2ψ2).

Lag 1 (multiply by Xt−1) : γ(1) = ϕ1γ(0) + ϕ2γ(1) + σ2(θ1ψ0 + θ2ψ1).

Lag 2 (multiply by Xt−2) : γ(2) = ϕ1γ(1) + ϕ2γ(0) + σ2θ2.

Solve the system {γ(0), γ(1), γ(2)} jointly, then use the recurrence for h ≥ 3.

ARMA(2,2): ACVF for h ≥ 3 and summary

Recurrence for h ≥ 3: (εt+h−k ⊥ Xt for k ≤ 2, h ≥ 3)

γ(h) = ϕ1γ(h− 1) + ϕ2γ(h− 2), h ≥ 3.

This is exactly the AR(2) Yule–Walker recurrence, so the ACF tails off as a mixture of geometric /
damped oscillatory terms.

Remark 7.3: General ARMA(p, q) pattern

• For h > q: γ(h) = ϕ1γ(h− 1) + · · ·+ ϕpγ(h− p) (pure AR recurrence).

• The first min(p, q) lags require solving a linear system involving the MA(∞) coefficients
ψj .

• ACF: always tails off and never cuts off — the only nuance is that the first min(p, q) lags
are “irregular” (shaped by both the AR and MA parameters jointly), and then from lag
max(p, q) onwards it settles into the pure AR(p) decay pattern.

7.3 ARIMA Models

Motivation: non-stationary series

Many real time series are not stationary: they exhibit trends, drifts, or unit roots. The key idea to
deal with such cases is: difference the series until stationarity is achieved, then fit ARMA.

Random walk example: Xt = Xt−1 + εt, εt ∼WN(0, σ2).
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• {Xt} is non-stationary (variance grows with t).

• {Xt} has unit root (ϕ(z) = 0⇒ z = 1).

• ∇Xt = Xt −Xt−1 = εt ∼WN(0, σ2)⇒ covariance stationary.

Polynomial trend: Xt = mt + Yt where mt is a polynomial trend of degree k and Yt is covariance
stationary.

∇kXt = (1−B)dXt = ∇kmt +∇kYt ⇒ covariance stationary.

Remark 7.4: Note

Differencing a covariance stationary time series returns a time series that is covariance stationary
too.

Integrated of order d

Definition 7.4: Integrated of Order d: Xt ∼ I(d)

{Xt} is said to be integrated of order d, i.e. Xt ∼ I(d) if {∇dXt} is covariance stationary, where
d is the smallest non-negative integer with that property.

Examples:

• Stationary ARMA process: Xt ∼ I(0).
• Random walk: Xt ∼ I(1) since ∇Xt is white noise.

• Polynomial trend mt = β0 + · · ·+ βkt
k: eliminated by ∇k, so mt ∼ I(k).

Remark 7.5: Note

Xt ∼ I(d) with d > 0⇒ {Xt} is not covariance stationary.

Co-integration

Intuition: Cointegration is a statistical property indicating that

• two or more non-stationary time series share a long-term, stable equilibrium;

• individual variables can wander independently over time;

• but a specific linear combination of them remains stationary;

• i.e. their deviations from a baseline relationship are temporary and self-correcting.

Example 7.3: Household Income and Consumption Spending

• Both aggregate disposable income and consumer spending generally trend upward over
time due to economic growth and inflation. Both are non-stationary and behave like
random walks.

• According to economic theory (the Permanent Income Hypothesis), people base their
spending on long-term income expectations. While spending might temporarily spike
(e.g., during a holiday shopping season) or drop (e.g., due to a sudden expense), it always
adjusts back to income levels.

• The difference between the two—the savings rate—remains stable and fluctuates around
a constant mean over the long run.
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Definition 7.5: Co-integrated Processes

Let Xt ∼ I(d) and Yt ∼ I(d). The processes {Xt} and {Yt} are said to be co-integrated if there
exist constants α, β such that

Zt = αXt + βYt ∼ I(0).

• Existence of (α, β) is not guaranteed in general.

• Economically: two I(1) series may share a long-run equilibrium even though each individually
is non-stationary.

Multivariate generalisation: if X1,t, . . . , Xp,t ∼ I(d) and α1X1,t + · · · + αpXp,t ∼ I(0), the
processes are said to be co-integrated.

ARIMA(p, d, q): definition

Definition 7.6: ARIMA(p, d, q)

A time series {Xt} follows an ARIMA(p, d, q) model if Yt = ∇dXt follows a causal ARMA(p, q)
process:

ϕ(B)∇dXt = θ(B) εt, εt ∼WN(0, σ2),

where ∇d = (1−B)d.

Writing Φ∗(B) = ϕ(B)(1−B)d, the model is Φ∗(B)Xt = θ(B) εt.

• ARIMA(p,0,q) ≡ ARMA(p, q).

• ARIMA(p, d, q) ≡ ARMA(p+ d, q) in the extended AR polynomial Φ∗(B), which has p roots
of ϕ(B) outside the unit circle and d roots on the unit circle.

• {Xt} is non-stationary for d ≥ 1.

ARIMA(1,1,1): worked example

Example 7.4: ARIMA(1,1,1)

Let Xt ∼ ARIMA(1,1,1), so Yt = ∇Xt ∼ ARMA(1,1):

Yt = ϕYt−1 + εt + θεt−1, |ϕ| < 1.

Substituting Yt = Xt −Xt−1:

Xt −Xt−1 = ϕ(Xt−1 −Xt−2) + εt + θεt−1

Xt = (1 + ϕ)Xt−1 − ϕXt−2 + εt + θεt−1.

So Xt ∼ ARMA(2,1) in terms of the extended polynomial Φ∗(B) = (1− ϕB)(1−B), whose
roots are 1/ϕ (outside the unit circle) and 1 (on the unit circle).

Φ∗(B)Xt = θ(B) εt, roots of Φ∗(z) = 0 : ϕ−1 and 1.
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ARIMA: differencing in practice

Figure 7.3: ARIMA(1,1,0) process (left) and its first difference (right), which follows AR(1).

Practical rule: difference until the sample ACF decays reasonably quickly. Over-differencing can
introduce spurious MA structure.

7.4 Seasonal ARMA and ARIMA Models

Motivation: seasonal time series

Many economic and environmental series have periodic structure at a fixed seasonal period s (e.g.
s = 12 for monthly, s = 4 for quarterly).
AR(1)s — Seasonal AR(1) is a Restricted AR(s):

Xt = ϕ
(s)
1 Xt−s + εt, εt ∼WN(0, σ2).

Only the lag s term appears; lags 1, . . . , s− 1 are absent.
MA(1)s — Seasonal MA(1) is a Restricted MA(s):

Xt = εt + θ
(s)
1 εt−s.

More generally, AR(P )s and MA(Q)s use lags at multiples of s:

Xt = ϕ
(s)
1 Xt−s + · · ·+ ϕ

(s)
P Xt−Ps + εt, Xt = εt + θ

(s)
1 εt−s + · · ·+ θ

(s)
Q εt−Qs.

Seasonal ARMA(P,Q)s

Definition 7.7: Restricted Seasonal ARMA(P,Q)s

Xt = ϕ
(s)
1 Xt−s + · · ·+ ϕ

(s)
P Xt−Ps + εt + θ

(s)
1 εt−s + · · ·+ θ

(s)
Q εt−Qs,

or equivalently in backshift operator notation:

Φ(s)(Bs)Xt = Θ(s)(Bs) εt,
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where

Φ(s)(Bs) = 1− Φ
(s)
1 Bs − · · · − Φ

(s)
P BPs, Θ(s)(Bs) = 1 + Θ

(s)
1 Bs + · · ·+Θ

(s)
Q BQs.

• {Xt} is stationary and causal iff all roots of Φ(s)(zs) = 0 lie outside the unit circle.

• {Xt} is invertible iff all roots of Θ(s)(zs) = 0 lie outside the unit circle.

Mixed seasonal model: ARMA(p, q)(P,Q)s

In practice one uses a mixed model combining non-seasonal and seasonal components:

ϕ(B) Φ(s)(Bs)Xt = θ(B)Θ(s)(Bs) εt.

Example 7.5: ARMA(1,1)(1,1)s

With ϕ(B) = 1− ϕB, Φ(s)(Bs) = 1− ΦBs:

(1− ϕB)(1− ΦBs)Xt = (1 + θB)(1 + ΘBs) εt.

Expanding the left-hand side:

Xt = ϕXt−1 +ΦXt−s − ϕΦXt−s−1 + εt + θεt−1 +Θεt−s + θΘεt−s−1.

ARMA(p, q)(P,Q)s is a restricted ARMA(p + Ps, q + Qs) with zeros at non-seasonal and
non-multiple-of-s lags.

Seasonal differencing

If {Xt} is non-stationary due to seasonality, apply the seasonal difference operator:

∇sXt = Xt −Xt−s = (1−Bs)Xt.
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Figure 7.4: Original series with trend and period-12 seasonality (top); after seasonal differencing ∇12

(bottom).

SARIMA(p, d, q)(P,D,Q)s: definition

Definition 7.8: SARIMA(p, d, q)(P,D,Q)s

{Xt} follows a SARIMA(p, d, q)(P,D,Q)s model if Yt = ∇d∇D
s Xt follows a causal, invertible

ARMA(p, q)(P,Q)s process:

ϕ(B) Φ(s)(Bs) (1−B)d(1−Bs)DXt = θ(B)Θ(s)(Bs) εt.

• s: period of seasonality.

• D: order of seasonal differencing.

• d: order of non-seasonal differencing.

• This is a non-stationary process; equivalently, Φ∗(B)Xt = Θ∗(B)εt where Φ∗(B) has roots on
and outside the unit circle.

• In full generality: SARIMA ≡ ARMA(p + Ps + d + Ds, q + Qs) with the constraint that
d+Ds roots lie on the unit circle.

Seasonal differencing: example

Example 7.6: ARIMA(1,1,1)12 (common for monthly economic data)

Let Yt = ∇12Xt = Xt −Xt−12. Assume Yt ∼ ARMA(1,1):

(1− ϕB)Yt = (1 + θB) εt.

Substituting:
(1− ϕB)(1−B12)Xt = (1 + θB) εt.
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Expanding:
Xt = ϕXt−1 +Xt−12 − ϕXt−13 + εt + θεt−1.

The roots of Φ∗(z) = (1 − ϕz)(1 − z12) = 0 are 1/ϕ (outside the unit circle) and the twelve
12th roots of unity (on the unit circle).

7.5 Summary

Remark 7.6: Lecture 7 Summary

ARMA(p, q): ϕ(B)Xt = θ(B)εt; causal stationary iff roots of ϕ(z) = 0 outside unit circle.
Invertible ⇔ roots of θ(z) = 0 outside unit circle.

ACVF of ARMA: For h > q: γ(h) = ϕ1γ(h− 1) + · · ·+ ϕpγ(h− p) (AR recurrence). Lags
0, . . . , q require solving a linear system.

ARIMA(p, d, q): ϕ(B)(1 − B)dXt = θ(B)εt. Non-stationary for d ≥ 1. Xt ∼ I(d) means
∇dXt is covariance stationary.

SARIMA(p, d, q)(P,D,Q)s: Adds seasonal AR/MA polynomials in Bs and seasonal differ-
encing (1−Bs)D. Most practical model for seasonal data.
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Lecture 8: Forecasting with BLP and
the PACF

8.1 Forecasting: Goals and Setup

Forecasting with time-series models

Goal: given observed data x1:n = {x1, x2, . . . , xn}, predict future values

xn+m, m = 1, 2, 3, . . .

• We write xnn+m for the forecast of xn+m based on x1:n.

• Throughout this section we assume {xt} is stationary with known model parameters.

• We use our knowledge of the underlying model to make reliable forecasts.

MMSE predictor

Definition 8.1: Optimal (Minimum Mean Square Error) Predictor

Among all predictors g(x1:n), the one that minimizes the mean square error

E[xn+m − g(x1:n)]2

is called the MMSE predictor. The MMSE predictor is given by the conditional expectation:

xnn+m = E(xn+m | x1:n).

In general this requires specifying the full joint distribution (which is unknown in most cases).
The above theorem does not explicitly give the form of the predictor g. For practical use we restrict
to linear predictors.

93
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8.2 Best Linear Predictors (BLP)

Linear predictors

Definition 8.2: Linear Predictor

A linear predictor of xn+m given x1:n, x
n
n+m has the form

xnn+m = g(x1:n) = α0 +
n∑

k=1

αkxk,

where α0, α1, . . . , αn ∈ R.

Remark 8.1: Note

Writing in rigorous notations, the α’s should depend on n and m, but for now we drop the
dependence from the notation for simplicity if there is no confusion. For example:

• If n = m = 1, then x12 is the one-step-ahead linear forecast of x2 given x1. That is,
x12 = α0 + α1x1.

• But if n = 2 and m = 1, x23 is the one-step-ahead linear forecast of x3 given x1 and x2.
That is, x23 = α0 + α1x1 + α2x2.

The values of α0 and α1 differ in the two cases.

Best linear predictor

Definition 8.3: Best Linear Predictor (BLP)

The linear predictor that minimises the mean square error

E[xn+m − xnn+m]2

is called the best linear predictor (BLP) and is denoted by P(x1,...,xn)xn+m or simply Pnxn+m.

Remark 8.2: Remark

If {xt} is a Gaussian time series, the BLP equals the conditional expectation, so no information
is lost by restricting to linear predictors.

BLP: prediction equations

The BLP xnn+m = α0 +
∑n

i=1 αixi is found by solving the prediction equations:

E
[
(xn+m − xnn+m)xi

]
= 0, i = 0, 1, . . . , n,

where x0 = 1.
Interpretation: the forecast error must be orthogonal to every observed value (and to the

constant 1).
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Non-zero mean. The i = 0 equation gives α0 =
(
1−

∑n
i=1 αi

)
µ, so

xnn+m = µ+
n∑

i=1

αi(xi − µ).

Without loss of generality we assume µ = 0 going forward. In other words, one works with the
mean-centered series.

Derivation

E[Xt] = µ, Xn
n+m = α0 +

n∑

i=1

αiXi,

E
[
(Xn+m −Xn

n+m)X0

]
= 0, X0 = 1,

E[Xn+m −Xn
n+m] = 0,

E[Xn+m] = E[Xn
n+m],

µ = E

[

α0 +
n∑

i=1

αiXi

]

= α0 +

n∑

i=1

αiE[Xi]

= α0 + µ

n∑

i=1

αi.

α0 = µ− µ
n∑

i=1

αi

=

(

1−
n∑

i=1

αi

)

µ.

Xn
n+m =

(

1−
n∑

i=1

αi

)

µ+

n∑

i=1

αiXi

= µ− µ
n∑

i=1

αi +

n∑

i=1

αiXi

= µ+

n∑

i=1

αi(Xi − µ).

BLP: deriving the prediction equations (Step 1)

Setup. Let α = (α0, α1, . . . , αn) and define the mean-square error as a function of α:

S(α) = E





(

xn+m − α0 −
n∑

i=1

αixi

)2


 .
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We minimise S over all choices of α. First-order condition w.r.t. α0:

∂S

∂α0
= −2E

[

xn+m − α0 −
n∑

i=1

αixi

]

= 0.

Using E(xt) = µ this gives:

µ− α0 −
n∑

i=1

αiµ = 0 =⇒ α0 = µ

(

1−
n∑

i=1

αi

)

.

BLP: deriving the prediction equations (Step 2)

First-order condition w.r.t. αj , j = 1, . . . , n:

∂S

∂αj
= −2E

[(

xn+m − α0 −
n∑

i=1

αixi

)

xj

]

= 0.

Expanding and using E(xt) = µ, E(xsxt) = γ(s− t) + µ2:

E[xn+mxj ]− α0µ−
n∑

i=1

αiE[xixj ] = 0.

Substituting α0 = µ(1−
∑
αi) and rearranging:

γn+m−j =

n∑

i=1

αiγi−j , j = 1, . . . , n.

BLP in matrix form

For µ = 0, denote αn = (α1, . . . , αn). The prediction equations reduce to

Γnαn = γn(m),

where

Γn =
[
γ(i− j)

]n

i,j=1
(Toeplitz matrix), γn(m) =








γ(m+ n− 1)
γ(m+ n− 2)

...
γ(m)







.

The BLP coefficient vector is
αBLP
n = Γ−1

n γn(m),

and the m-step-ahead BLP is xnn+m = αn · (x1, x2, . . . , xn).

BLP: properties and prediction error derivation

For µ = 0 the BLP Pnxn+m = αn · x where x = (x1, x2, . . . , xn) satisfies three key properties:

1. E[xn+m − Pnxn+m] = 0,

2. E[(xn+m − Pnxn+m)xj ] = 0 for j = 1, . . . , n,

3. the mean-square prediction error equals (derived below).
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Deriving the MSPE:

E[(xn+m − Pnxn+m)2] = E[(xn+m − α⊤
n x)

2]

= γ0 + α⊤
nΓnαn − 2α⊤

n γn(m)

= γ0 + α⊤
n γn(m)− 2α⊤

n γn(m).

Theorem 8.1: Minimum MSPE

Pn
n+m = E[xn+m − Pnxn+m]2 = γ0 − α⊤

n γn(m).

Prediction error and prediction intervals

Mean-square prediction error:

Pn
n+m = E

(
xn+m − xnn+m

)2
.

For µ = 0, this simplifies to Pn
n+m = γ(0)− α⊤

n γn(m).
Prediction interval. A 100(1− α)% prediction interval is

xnn+m ± Cα/2

√

Pn
n+m,

where Cα/2 is the appropriate quantile. For Gaussian processes, C0.025 = 1.96 gives a 95% PI.

Remark 8.3: Note

Prediction uncertainty grows with horizon m.

BLP: prediction equations — summary

Non-zero mean. The α0 equation gives α0 =
(
1−

∑n
i=1 αi

)
µ, so the BLP can be written as:

Pnxn+m = µ+
n∑

i=1

αi(xi − µ).

Special case: uncorrelated series. If {xt} is uncorrelated (γh = 0 for h ≠ 0), then γn(m) = 0
and αn = 0, so Pnxn+h = µ — forecast is always the mean.

Worked example: BLP for AR(2)

Example 8.1: BLP for AR(2)

Setup: xt = ϕ1xt−1 + ϕ2xt−2 + εt, covariance stationary.
Predict x2 from x1: the BLP x12 = αx1 minimizes E[(x2 − αx1)]2. Setting ∂/∂α = 0:

E(x2 − αx1)x1 = 0⇒ γ(1) = αγ(0)⇒ α = ρ(1).
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Predict x3 from x2, x1: x
2
3 = αx2 + βx1. The prediction equations are

(
γ(0) γ(1)
γ(1) γ(0)

)

︸ ︷︷ ︸

Γ2

(
α
β

)

=

(
γ(1)
γ(2)

)

⇒
(
α
β

)

=

(
ϕ1
ϕ2

)

.

So for n ≥ 2: xnn+1 = ϕ1xn + ϕ2xn−1.

BLP for AR(p): the key theorem

Theorem 8.2: BLP for AR(p)

Let {xt} be a causal AR(p) process with εt ∼ WN(0, σ2). For any n ≥ p, the BLP of xn+1

based on {xn, xn−1, . . . , x1} depends only on the most recent p observations:

P(xn,...,x1)xn+1 = ϕ1xn + ϕ2xn−1 + · · ·+ ϕpxn−p+1.

The older observations xn−p, xn−p−1, . . . , x1 receive zero weight in the BLP. Moreover, the BLP
coefficients equal the AR coefficients exactly.

BLP for AR(p): missing old observations

Why does the BLP have only the p latest observations? The BLP uses all n observations in
principle even though the model only looks back p steps. The older lags xn−p, . . . , x1 receive zero
weight in the BLP, not because they are irrelevant to xn+1 in general, but because:

• xn+1 depends on xn−p, . . . , x1 only through the intermediaries xn, . . . , xn−p+1, and

• once those intermediaries are in the conditioning set, the older lags add no further information.

Forecasting AR(p) processes

One-step ahead (for n ≥ p):

xnn+1 = ϕ1xn + ϕ2xn−1 + · · ·+ ϕpxn−p+1.

The BLP coefficients equal the AR coefficients exactly.
Multi-step ahead: apply the one-step formula recursively, substituting forecasts for unobserved

future values:

xnn+1 = ϕ1xn + ϕ2xn−1 + · · ·+ ϕpxn−p+1,

xnn+2 = ϕ1x
n
n+1 + ϕ2xn + · · ·+ ϕpxn−p+2,

...

Prediction variance for AR(1):

Pn
n+m = σ2

m−1∑

k=0

ϕ2k = σ2
1− ϕ2m
1− ϕ2

m→∞−−−−→ σ2

1− ϕ2 = γ(0).
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Figure 8.1: AR(1) forecasting illustration. Forecasts revert toward zero (the process mean) geometrically.
The 95% PI widens with horizon but is bounded by γ(0).

Forecasting MA(q) processes

For xt = εt + θ1εt−1 + · · · + θqεt−q: the key observation is that E[xn+m | x1:n] depends on past
innovations εn, εn−1, . . . which can be recovered from observed data.

One-step ahead (m = 1):

xnn+1 = θ1εn + θ2εn−1 + · · ·+ θqεn−q+1.

Multi-step ahead (m > q):

xnn+m = 0 (forecast equals the process mean).

The MA(q) has finite memory: shocks more than q steps ago have no effect on future values.

Remark 8.4: Contrast with AR

AR forecasts never exactly equal the mean at any finite horizon; MA forecasts do so after
m > q steps.
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Figure 8.2: MA(1) forecasting illustration. One-step forecast is x̂n+1 = θεn (non-trivial). For m ≥ 2:
forecast is identically zero. MA processes have no long-range memory.

Applications of the BLP framework

The second-order prediction framework extends beyond simple forecasting.

1. Missing value estimation. If x3 is missing, treat it as the forecast to be made and use
available observations (x1, x2, x4, x5, . . .) as linear predictors. The BLP gives the best linear
estimate of the missing value.

2. Back-forecasting. In MA (and ARMA) models, initial innovations ε0, ε−1, . . . are unobserved.
Back-forecasting applies the BLP backwards in time to impute these, enabling conditional
likelihood computation.

3. Defining the PACF. PACF at lag k involves a forward forecast P(x2,...,xk)xk+1 and a back-cast
P(x2,...,xk)x1, both obtained via the BLP. This is the subject of the next section.

Remark 8.5: Remark

The BLP framework requires only finite second moments — no distributional assumptions
beyond stationarity.

8.3 Partial Autocorrelation Function (PACF)

Why do we need PACF?

• For MA(q) models, the ACF will be zero for lags greater than q. Moreover, because θq ̸= 0,
the ACF will not be zero at lag q. We can use this property to identify MA models.

• If the process, however, is ARMA or AR, the ACF alone tells us little about the orders of
dependence.

• The partial autocorrelation function (PACF) can be used to identify AR models.
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Motivation: why ACF is not enough

Consider a causal AR(1) process xt = ϕxt−1 + εt, |ϕ| < 1. We showed:

γ(2) = ϕ2γ(0)⇒ ρ(2) = ϕ2 ̸= 0.

But xt depends on xt−2 only through xt−1. Direct verification:

Cov(xt − ϕxt−1, xt−2 − ϕxt−1) = Cov(εt, xt−2 − ϕxt−1) = 0.

Once we remove the effect of xt−1, the remaining correlation is exactly zero.

Remark 8.6: Key idea

The partial autocorrelation at lag h measures the correlation between xt+h and xt after removing
the linear effect of the intermediate observations xt+1, . . . , xt+h−1.

Partial correlation: general definition

Definition 8.4: Partial Correlation

Given random variables X,Y, Z: regress X on Z to get X̂; regress Y on Z to get Ŷ . The
partial correlation of X and Y given Z is

ρXY |Z = Corr(X − X̂, Y − Ŷ ).

This removes the linear effect of Z from both X and Y before computing the correlation.

Connection to PACF: setting X = xt+h, Y = xt, Z = (xt+1, . . . , xt+h−1):

X̂ = P(xt+1,...,xt+h−1)xt+h = α1xt+h−1 + · · ·+ αh−1xt+1,

Ŷ = P(xt+1,...,xt+h−1)xt = α1xt+1 + · · ·+ αh−1xt+h−1.

By stationarity, the coefficients αj are the same in both regressions.

Regression for PACF

Consider the mean-zero stationary time series xt and assume h ≥ 2.

1. Let x̂t+h denote the regression of xt+h on {xt+h−1, xt+h−2, . . . , xt+1}. We can write

x̂t+h = α1xt+h−1 + α2xt+h−2 + · · ·+ αh−1xt+1.

Note: No intercept term is needed because the mean of xt is zero.

2. Let x̂t denote the regression of xt on {xt+1, xt+2, . . . , xt+h−1}. Then
x̂t = α1xt+1 + α2xt+2 + · · ·+ αh−1xt+h−1.

Note: Because of stationarity, the coefficients α1, α2, . . . , αh−1 are the same. The term
regression here refers to regression in the population sense. That is, x̂t+h is the linear
combination of xt+h−1, xt+h−2, . . . , xt+1 that minimizes the mean squared error E[(xt+h −∑h−1

j=1 αjxt+j)
2].

PACF: formal definition
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Definition 8.5: PACF

For a mean-zero stationary process {xt}, the partial autocorrelation function (PACF) α(h) or
ϕhh at lag h is:

ϕ11 = Corr(xt+1, xt) = ρ(1),

and for h ≥ 2:

ϕhh = Corr
(
xt+h − P(xt+h−1,...,xt+1)xt+h, xt − P(xt+1,...,xt+h−1)xt

)
.

Equivalent mechanical definition: ϕhh is the coefficient of x1 (i.e. the coefficient on the most
distant observation) in the BLP of xh+1 based on x1, x2, . . . , xh.

8.4 Computing the PACF: First Principles

PACF via forward and back-forecasting

For lag h ≥ 2, the PACF is defined as:

α(h) = Corr
(
xh+1 − P(x2,...,xh)xh+1, x1 − P(x2,...,xh)x1

)
.

• P(x2,...,xh)xh+1 is the forward forecast of xh+1 from {x2, . . . , xh}.
• P(x2,...,xh)x1 is the back-cast of x1 from {x2, . . . , xh}.
• Both are obtained through the BLP.

Alternative (mechanical) definition. For h ≥ 2: α(h) is the coefficient of x1 in the BLP of xh+1

based on (x1, x2, . . . , xh).

PACF of AR(1): α(2)

AR(1): xt = ϕxt−1 + εt, |ϕ| < 1.
Forward forecast: find Px2

x3 = αx2.

S(α) = E[(x3 − αx2)2],
∂S

∂α
= 0⇒ E[(x3 − αx2)x2] = 0⇒ α =

γ1
γ0

= ϕ.

So Px2
x3 = ϕx2.

Back-cast: find Px2
x1 = βx2.

S(β) = E[(x1 − βx2)2], E[(x1 − βx2)x2] = 0⇒ β =
γ1
γ0

= ϕ.

So Px2
x1 = ϕx2.

PACF at lag 2:

α(2) = Corr(x3 − ϕx2, x1 − ϕx2) = Cov(ε3, x1 − ϕx2) = 0.

PACF of AR(1): α(3)

Forward forecast P(x2,x3)x4 = α1x3 + α2x2: BLP equations give α1 = ϕ, α2 = 0, so P(x2,x3)x4 =
ϕx3.

Back-cast P(x2,x3)x1: by stationarity, P(x2,x3)x1 = α1x2 + α2x3. The BLP equations for the
back-cast (with roles reversed) yield α1 = ϕ, α2 = 0, so P(x2,x3)x1 = ϕx2.
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PACF at lag 3:

α(3) = Corr(x4 − ϕx3, x1 − ϕx2) = Corr(ε4, x1 − ϕx2) = 0,

since ε4 is independent of all past values.

Remark 8.7: General AR(1) result

For all k ≥ 2: α(k) = Corr(εk+1, x1 − α1x2 − · · · − αk−1xk) = 0.

PACF of AR(2): α(2)

AR(2): xt = ϕ1xt−1 + ϕ2xt−2 + εt.
Forward forecast Px2

x3 = αx2:

E[(x3 − αx2)x2] = 0⇒ γ1 = αγ0 ⇒ α = ρ1 = ϕ1.

Back-cast Px2
x1 = βx2:

E[(x1 − βx2)x2] = 0⇒ γ1 = βγ0 ⇒ β = ρ1 = ϕ1.

So Px2
x3 = ϕ1x2 and Px2

x1 = ϕ1x2.
PACF at lag 2:

α(2) = Corr(x3 − ϕ1x2, x1 − ϕ1x2) =
Cov(x3 − ϕ1x2, x1 − ϕ1x2)

[Var(x3 − ϕ1x2)Var(x1 − ϕ1x2)]1/2
.

PACF of AR(2): computing α(2) explicitly

Variances (both equal by stationarity):

Var(x3 − ϕ1x2) = γ0 + ϕ21γ0 − 2ϕ1γ1.

Covariance:

Cov(x3 − ϕ1x2, x1 − ϕ1x2) = γ2 − ϕ1γ1 − ϕ1γ1 + ϕ21γ0

= γ2 − 2ϕ1γ1 + ϕ21γ0.

After simplification:

α(2) =
γ2 − 2ϕ1γ1 + ϕ21γ0
γ0 − 2ϕ1γ1 + ϕ21γ0

̸= 0.

Remark 8.8: Result

α(2) ̸= 0. α(3) = 0 (same argument as AR(1) case for k > p). PACF cuts off after lag 2.
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PACF of MA(1): α(2) from first principles

MA(1): xt = εt + θεt−1, θ
∗ = ρ1 = θ/(1 + θ2), ρk = 0 for k ≥ 2.

Forward: Px2
x3 = θ∗x2 (same as AR(1) calculation above). Back-cast: Px2

x1 = θ∗x2.
PACF at lag 2:

α(2) =
Cov(x3 − θ∗x2, x1 − θ∗x2)

[Var(x3 − θ∗x2)Var(x1 − θ∗x2)]1/2
.

Numerator:

Cov(x3 − θ∗x2, x1 − θ∗x2) = γ2 − θ∗γ1 − θ∗γ1 + (θ∗)2γ0 = −(θ∗)2γ0.

(Using γ2 = 0 and γ1 = θ∗γ0.) Denominator: Var(x3 − θ∗x2) = γ0(1 + (θ∗)2) − 2(θ∗)2γ0 =
γ0(1− (θ∗)2).

α(2) =
−(θ∗)2γ0

γ0(1− (θ∗)2)
=
−(θ∗)2
1− (θ∗)2

̸= 0.

PACF of MA(1): general formula

Continuing the pattern, for general k ≥ 2:

α(k) =
−(−θ)k

1 + θ2 + θ4 + · · ·+ θ2k
̸= 0.

Key features:

• |α(k)| → 0 geometrically as k →∞ (tails off).

• The sign alternates if θ > 0: α(2) < 0, α(3) > 0, . . .

• This contrasts sharply with AR(p) processes where α(k) = 0 exactly for k > p.

Remark 8.9: Remark

Computing α̂(k) from data will give a value close to 0 but not exactly 0 for the MA(1) case,
since α(k) is a continuous r.v. — P (α(k) = 0) = 0 exactly. To determine the order of AR(p)

process since PACF eventually becomes 0, we use the asymptotic test α̂(k)
asym∼ N(0, 1/n) for

k > p. This test applies only to AR processes.
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8.5 ACF/PACF Plots for AR, MA, ARMA

Figure 8.3: AR(1): ACF exponential decay (tails off); PACF single spike at lag 1, zero thereafter (cuts off
after lag 1). Dashed lines are ±1.96/√n significance bands.

Figure 8.4: MA(1): ACF single non-zero spike at lag 1 (cuts off); PACF geometrically decaying spikes (tails
off).
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Figure 8.5: ARMA(1,1): ACF decays geometrically (tails off); PACF also tails off. Neither cuts off ⇒ need
information criteria (AIC/BIC) to determine order.

8.6 Model Identification Summary

ACF and PACF: model identification table

Model ACF ρ(h) PACF α(h)

AR(1) Tails off: ρ(h) = ϕh Cuts off after lag 1

AR(p) Tails off: mixture of geometric /
damped oscillation

Cuts off after lag p: exactly p non-
zero spikes

MA(1) Cuts off after lag 1 Tails off

MA(q) Cuts off after lag q: exactly q non-
zero spikes

Tails off

ARMA(1,1) Tails off Tails off

ARMA(p, q) Tails off (pure AR recurrence for h >
q)

Tails off (pure MA recurrence for
h > p)

How to use the table: step-by-step

1. Plot the sample ACF and PACF. Add significance bands ±1.96/√n.
2. Does the ACF cut off? If yes at lag q ⇒ candidate: MA(q).

3. Does the PACF cut off? If yes at lag p⇒ candidate: AR(p).

4. Both tail off? ⇒ candidate: ARMA(p, q) for some p, q ≥ 1. Use AIC / BIC to select p and q.

5. Estimate and check residuals. Verify that residuals behave like white noise (Ljung–Box test,
residual ACF near zero).

Remark 8.10: Caveat

In finite samples, “cuts off” vs “tails off” can be hard to distinguish. Model selection criteria
(AIC, BIC) and formal hypothesis tests should supplement visual inspection. When both ACF
and PACF tail off (ARMA case), visual methods fail. Use penalised likelihood criteria.
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Information criteria for order selection

Definition 8.6: Akaike Information Criterion (AIC)

AIC(p, q) = −2 logL(θ̂) + 2K,

where L is the maximum likelihood and K = p + q + 1 is the number of free parameters
(including σ2).

Definition 8.7: Bayesian Information Criterion (BIC)

BIC(p, q) = −2 logL(θ̂) +K log n.

BIC penalises complexity more heavily and tends to select more parsimonious models.
Procedure: fit ARMA(p, q) for a grid of (p, q) values; select the model with the smallest AIC

(or BIC).

Summary

Remark 8.11: Lecture 8 Summary

Forecasting: BLP minimises MSE among all linear predictors; found by solving Γnαn = γn(m).
For AR(p): BLP coefficients = model coefficients; apply recursively for multi-step. For MA(q):
forecasts equal zero after horizon q.

PACF: α(h) = ϕhh = last coefficient in the order-h Yule–Walker system.

Model Identification: AR(p) — ACF tails off, PACF cuts off after p. MA(q) — ACF cuts
off after q, PACF tails off. ARMA(p, q) — both tail off. Use AIC/BIC when both tail off.
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Lecture 9

9.1 Computing the PACF: Yule–Walker

PACF via regression: the setup

There is a natural way to compute the PACF through a sequence of regressions. For each lag k,
consider regressing xt+k on the k intervening observations:

xt+k = ϕk1xt+k−1 + ϕk2xt+k−2 + · · ·+ ϕkkxt + εt+k,

where εt+k has mean zero and is uncorrelated with xt+k−j for j = 1, . . . , k.

• ϕki is the i-th regression coefficient at lag k.

• The last coefficient ϕkk — on xt, the most distant observation — is the PACF at lag k.

• This is exactly the BLP characterisation: ϕkk is the coefficient of xt in the BLP of xt+k given
{xt+1, . . . , xt+k−1}.

Goal: find ϕkk for k = 1, 2, 3, . . . without fitting a regression for each k from scratch.

Deriving the Yule–Walker system

Multiply both sides of the regression equation by xt+k−j and take expectations. Using E[εt+k xt+k−j ] =
0:

γ(j) = ϕk1γ(j − 1) + ϕk2γ(j − 2) + · · ·+ ϕkkγ(j − k).
Dividing through by γ(0):

ρ(j) = ϕk1ρ(j − 1) + ϕk2ρ(j − 2) + · · ·+ ϕkkρ(j − k).

Evaluating at j = 1, 2, . . . , k gives a system of k equations in k unknowns (ϕk1, . . . , ϕkk):

ρ(1) = ϕk1ρ(0) + ϕk2ρ(1) + · · ·+ ϕkkρ(k − 1),

ρ(2) = ϕk1ρ(1) + ϕk2ρ(0) + · · ·+ ϕkkρ(k − 2),

...

ρ(k) = ϕk1ρ(k − 1) + ϕk2ρ(k − 2) + · · ·+ ϕkkρ(0).

108
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Yule–Walker system: matrix form

Using ρ(0) = 1 and writing Rk for the k × k autocorrelation matrix, the system becomes







1 ρ(1) · · · ρ(k − 1)
ρ(1) 1 · · · ρ(k − 2)
...

. . .
...

ρ(k − 1) ρ(k − 2) · · · 1








︸ ︷︷ ︸

Rk








ϕk1
ϕk2
...
ϕkk








=








ρ(1)
ρ(2)
...

ρ(k)







.

Definition 9.1: PACF from Cramer’s Rule

The last element of the solution, ϕkk, can be read off using Cramer’s rule — replace the last
column of Rk with the right-hand side vector (ρ(1), . . . , ρ(k))⊤ and divide determinants:

α(k) = ϕkk =
detR∗

k

detRk
.

Cramer’s rule: explicit formulas for k = 1, 2

k = 1: the system is just ϕ11 · 1 = ρ(1), so

α(1) = ϕ11 = ρ(1).

k = 2: replace the last column of

(
1 ρ(1)
ρ(1) 1

)

with

(
ρ(1)
ρ(2)

)

:

α(2) = ϕ22 =

det

(
1 ρ(1)
ρ(1) ρ(2)

)

det

(
1 ρ(1)
ρ(1) 1

) =
ρ(2)− ρ(1)2
1− ρ(1)2 .

Cramer’s rule: explicit formula for k = 3

α(3) = ϕ33 =

det





1 ρ(1) ρ(1)
ρ(1) 1 ρ(2)
ρ(2) ρ(1) ρ(3)





det





1 ρ(1) ρ(2)
ρ(1) 1 ρ(1)
ρ(2) ρ(1) 1





.

Relation to one-step-ahead BLP

For the one-step-ahead case (m = 1), write the BLP as

xkk+1 = ϕk1xk + ϕk2xk−1 + · · ·+ ϕkkx1.

(We relabel αi → ϕk,k−i+1.) The prediction equations become the Yule–Walker system:

k∑

j=1

ϕkj γ(i− j) = γ(i), i = 1, . . . , n.
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Remark 9.1: Key fact

The last coefficient ϕkk is exactly the PACF at lag k. This gives a recursive way to compute
the PACF: solve the Yule–Walker system of increasing order k = 1, 2, 3, . . . and record the last
coefficient each time.

Worked example: PACF of AR(1) via Yule–Walker

AR(1): ρ(h) = ϕh.
k = 1 : α(1) = ρ(1) = ϕ.

k = 2 : α(2) =
ρ(2)− ρ(1)2
1− ρ(1)2 =

ϕ2 − ϕ2
1− ϕ2 = 0.

k = 3: substituting ρ(j) = ϕj into the 3 × 3 system and solving (or using Cramer’s rule) gives
ϕ33 = 0.

General k ≥ 2: the numerator determinant always has two columns that are multiple of each
other (since ρ(j) = ϕj satisfies the AR(1) Yule–Walker recurrence exactly), making it zero.

Remark 9.2: Result

α(k) = ϕ for k = 1; α(k) = 0 for k ≥ 2. PACF cuts off after lag 1.

Worked example: PACF of general AR(p) via Yule–Walker

For a general AR(p), the Yule–Walker equations at order k = p give

Rp (ϕ1, . . . , ϕp)
⊤ = (ρ(1), . . . , ρ(p))⊤,

which is satisfied exactly by the model parameters, so ϕpp = ϕp ≠ 0. For k = p + 1: the extra
equation

ρ(p+ 1) = ϕk1ρ(p) + · · ·+ ϕk,p+1ρ(0)

is automatically satisfied with ϕk,p+1 = 0, because the AR(p) ACF satisfies ρ(p+1) = ϕ1ρ(p) + · · ·+
ϕpρ(1) exactly (the Yule–Walker recurrence continues for all h > 0). This forces the last coefficient
to be zero.

Remark 9.3: General result

For AR(p): α(k) = ϕkk ̸= 0 for k ≤ p; α(k) = 0 for k > p. PACF cuts off after lag p.

PACF of MA(1): explicit calculation

MA(1): xt = εt + θεt−1, θ
∗ ≡ ρ(1) = θ/(1 + θ2), ρ(h) = 0 for h ≥ 2 (via MA ACF formula).

Lag h = 1: ϕ11 = ρ(1) = θ∗.
Lag h = 2:

ϕ22 =
ρ(2)− ρ(1)2
1− ρ(1)2 =

0− (θ∗)2

1− (θ∗)2
=
−(θ∗)2
1− (θ∗)2

̸= 0.

General h ≥ 2:

α(h) = ϕhh =
−(−θ)h

1 + θ2 + · · ·+ θ2h
̸= 0.

As h→∞, α(h)→ 0 geometrically.
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Remark 9.4: Result: MA(1) PACF

ϕhh ̸= 0 for all h. PACF tails off.

PACF of general AR(p): cuts off after lag p

For AR(p) with h > p, the BLP of xh+1 based on x1, . . . , xh is

P(x1,...,xh)xh+1 = ϕ1xh + ϕ2xh−1 + · · ·+ ϕpxh−p+1.

The forecast residual is xh+1 − P(··· )xh+1 = εh+1. For the back-cast residual: since x1 is already
explained by x2, . . . , xh through the AR structure (no further link to xh+1),

α(h) = Corr
(
εh+1, x1 − P(··· )x1

)
= 0.

Remark 9.5: General result

For AR(p): α(h) = 0 for all h > p. The PACF cuts off after lag p.

Asymptotic results for the sample PACF

Theorem 9.1: General Result (Quenouille, 1949)

For a linear process satisfying mild regularity conditions, if the true α(k) = 0 at some lag k,
then √

n α̂(k)
d−→ N(0, 1) as n→∞,

i.e. α̂(k)
asym∼ N(0, 1/n) under H0 : α(k) = 0. The 95% significance bands ±1.96/√n follow

directly.

Remark. α(k) is a fixed population quantity, not a random variable. The sample PACF α̂(k) is
random, and α̂(k) ̸= 0 in finite samples even when α(k) = 0, due to sampling variability.

Asymptotic PACF: AR, MA, and ARMA

Model True α(k) Asymptotic result

AR(p) α(k) = 0 for k > p α̂(k)
asym∼ N(0, 1/n) for k > p. Bands are a

valid test of order.

MA(q) α(k) ̸= 0 for all k ≥ 1 α̂(k)
p−→ α(k) ̸= 0. Bands are not valid;

PACF tails off but never cuts off.

ARMA(p, q) α(k) ̸= 0 for all k ≥ 1 Same as MA: bands are not valid for any
finite lag.
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Remark 9.6: Practical implication

The significance bands ±1.96/√n are formally valid only when testing H0 : α(k) = 0 for k > p
under an AR(p) model. Applying them to MA or ARMA processes is informal and can be
misleading — both the sample ACF and PACF tail off, and model selection should rely on
AIC/BIC rather than band-crossing alone.

9.2 Building ARIMA Models

Steps for building ARIMA models

Fitting an ARIMA model to time series data involves the following steps:

1. Plot the data and interpret the plot.

2. Transform the data if necessary (e.g. log, first difference).

3. Identify the dependence orders of the model (p, d, q).

4. Estimate the parameters.

5. Diagnostics of the residuals (autocorrelation, interpretation, normality assumptions).

6. Select the best model among candidates.

Steps 1 & 2: plotting and transforming the data

Step 1 — Plot the data. Always begin with a time plot. Inspect for trends, changing variance,
seasonal patterns, or obvious anomalies before any modelling.

Step 2 — Transform the data. If the variability grows with the level of the series, a
variance-stabilising transformation is needed. The Box–Cox family of power transformations is a
standard choice:

x
(λ)
t =







xλt − 1

λ
, λ ̸= 0,

log xt, λ = 0.

Step 3: identifying the orders (p, d, q)

After transforming the data, identify preliminary values of:

• d — the order of differencing,

• p — the autoregressive order,

• q — the moving-average order.

We address d first, then (p, q) jointly from the differenced series.

Step 3.1: identifying the differencing order d

Remark 9.7: Detecting the need for differencing

A slow decay in the sample ACF of xt suggests the series is non-stationary and differencing
may be needed. One can also check for non-stationarity of time series / presence of unit roots
by hypothesis testing: Augmented Dickey–Fuller (ADF) test, KPSS test, Phillips–Perron
(PP) test.

Procedure:

1. If differencing is needed, compute ∇xt and inspect its time plot and ACF. Perform testing to
check for unit roots / non-stationarity.

2. If further differencing is needed, compute ∇2xt and repeat.

3. Stop as soon as the differenced series looks stationary.
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Remark 9.8: Warning: over-differencing

Do not difference more than necessary. For example, xt = wt is white noise, but∇xt = wt−wt−1

is MA(1) — differencing has introduced dependence where none existed.

Step 3.2: identifying p and q

With d fixed, examine the sample ACF and PACF of ∇dxt and apply the standard identification
rules:

Behaviour ACF PACF

AR(p) Tails off Cuts off after lag p

MA(q) Cuts off after lag q Tails off

ARMA(p, q) Tails off Tails off

Remark 9.9: Important remarks

• The ACF and PACF cannot both cut off simultaneously.

• With real data it may not always be clear whether a plot is “tailing off” or “cutting off”
— do not over-interpret.

• Two seemingly different models can be very similar in fit; retain a few candidate (p, d, q)
triples for the estimation step.

Step 4: estimate model parameters

For all candidate models (different triplets of (p, d, q)), we estimate model parameters using either
the Method of Moments (MOM) or the Maximum Likelihood (MLE) approaches.

Step 5: model diagnostics

This investigation focuses on the analysis of the residuals. The diagnostic results provide base for
model selection.

Definition 9.2: Standardized Innovations

The standardized innovations or residuals can be computed by

êt =
xt − x̂t−1

t
√

P̂ t−1
t

,

where x̂t−1
t is the one-step-ahead prediction of xt based on the fitted model and P̂ t−1

t is
the estimated one-step-ahead error variance.

If the model is correctly specified / fits well, the standardized residuals {êt} should behave as an
iid sequence with mean 0 and variance 1. A normal probability plot or a Q–Q plot can help in
identifying departures from normality.
Key diagnostic plots:
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• Time plot of {êt}: check for outliers, changing variance, or remaining structure.

• Normal Q–Q plot: assess departures from normality.

• Sample ACF of {êt}: plot ρ̂e(h) vs. h with bounds ±2/√n; significant spikes suggest model
misspecification and residual dependence structure in residuals.

• The Ljung–Box test can be used to identify whether ρ̂e(h) is small in magnitude for a given
lag h. This test checks if the correlations of the residuals are 0 or not.

Step 5: the Ljung–Box–Pierce test

Definition 9.3: Ljung–Box–Pierce Test

Hypotheses: H0: residuals are uncorrelated up to lag H vs. H1: at least one ρe(h) ̸= 0 for
1 ≤ h ≤ H.

Test statistic (Ljung–Box):

Q(H) = n(n+ 2)

H∑

h=1

ρ̂e(h)
2

n− h .

Under H0, for large n:

Q(H)
d−→ χ2(H − p− q),

where p and q are the AR and MA orders of the fitted model.

Decision rule: Reject H0 at level α if Q(H) > χ2
α(H − p− q), or equivalently if the p-value

< α. Large p-values across all lags indicate a well-fitting model.

Remark 9.10: Remarks

• The degrees of freedom correction H−p−q accounts for the parameters already estimated
from the data.

• The test should be applied at several values of H (e.g. H = 10, 15, 20) to check residual
dependence at multiple horizons.

• Failing to reject H0 does not prove the model is correct — it only indicates no detectable
autocorrelation in the residuals up to lag H.

Step 6: model selection

There may be multiple candidate models after Step 3.

1. Discard any models with major diagnostic violations (significant residual autocorrelation,
non-normality, etc.).

2. Among the remaining models, use an information-theoretic criterion to select the best fit
— lower values are preferred.

Definition 9.4: Information Criteria

AIC = −2 ℓ(θ̂) + 2k, BIC = −2 ℓ(θ̂) + k log n,
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where k = p + q + 1 is the number of estimated parameters and ℓ(θ̂) is the maximised
log-likelihood. Prefer the model with the smallest value.

Remark 9.11: Remarks

BIC penalises model complexity more heavily than AIC and tends to favour simpler (more
parsimonious) models, especially for large n.

Example: analysis of US GNP data

Example 9.1: US GNP Data

We consider the analysis of quarterly U.S. GNP from 1947(1) to 2002(3), n = 223 observations.
The data are real U.S. gross national product in billions of chained 1996 dollars and have
been seasonally adjusted. The data were obtained from the Federal Reserve Bank of St. Louis
(http://research.stlouisfed.org/).

Step 1 & 2.

Figure 9.1: Quarterly U.S. GNP from 1947(1) to 2002(3) (top) and its sample ACF (bottom).

There is a clear upward trend in the data. The slowly decaying ACF also indicates non-
stationarity.

Step 3. When reports of GNP and similar economic indicators are given, it is often in growth rate
(percent change) rather than in actual (or adjusted) values that is of interest. The growth rate
xt = ∇ log(yt) = log yt − log yt−1 is plotted.

http://research.stlouisfed.org/


Chapter 9. Lecture 9 116

Figure 9.2: U.S. GNP quarterly growth rate.

The growth-rate series appears stable / stationary, so we set d = 1 on log yt.

Figure 9.3: Sample ACF and PACF of the GNP quarterly growth rate.

Inspecting the sample ACF and PACF, we might feel that two models are suitable for the data:

1. The ACF is cutting off at lag 2 and the PACF is tailing off. This would suggest the GNP
growth rate follows an MA(2) process, or log GNP follows an ARIMA(0,1,2) model.

2. The ACF is tailing off and the PACF is cutting off at lag 1. This suggests an AR(1) model for
the growth rate, or ARIMA(1,1,0) for log GNP.

Rather than focus on one model, we will fit both models.

Step 4. Using MLE to fit the models:

MA(2): x̂t = .008(.001) + .303(.065)ŵt−1 + .204(.064)ŵt−2 + ŵt, σ̂w = .0094.

AR(1): x̂t = .008(.001)(1− .347) + .347(.063)x̂t−1 + ŵt, σ̂w = .0095.

The values in parentheses are the corresponding estimated standard errors. All of the regression
coefficients are significant, including the constant.

Step 5. We take the MA(2) for example.
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Figure 9.4: Residual plots of the GNP quarterly growth rate for the MA(2) model: standardized residuals
(top), ACF of residuals (bottom left), and normal Q–Q plot of standardized residuals (bottom right).

Performing the Ljung–Box test:

Figure 9.5: p-values associated with the Ljung–Box Q-statistic at lags H = 3 through H = 20 (with
corresponding degrees of freedom H − 2).

None of the p-values are below the threshold, so we cannot reject the null hypothesis.

9.3 Forecasting

General setup: second-order prediction

The BLP framework extends beyond time series to any collection of random variables with finite
second moments.
Setup: Suppose Y and W1, . . . ,Wn have finite second moments. The BLP of Y given Wn =
(Wn, . . . ,W1)

⊤ is
PWn

Y = µY +α⊤
n (Wn − µ),

where αn solves Tαn = γ with Tij = Cov(Wi,Wj) and γi = Cov(Y,Wi). The three key properties
of the BLP:

1. E[Y − PWn
Y ] = 0,
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2. E[(Y − PWn
Y )Wi] = 0 for all i,

3. Mean-square error: E[Y − PWn
Y ]2 = Var(Y )−α⊤

n γ.

Applications: forecasting, missing value imputation, back-forecasting, and defining the PACF.

ARIMA forecasting

Consider a time series xt that is ARIMA(p, d, q). It should be clear that, since yt = ∇dxt is ARMA,
we can use the previously introduced methods to obtain forecasts of yt, which in turn lead to
forecasts for xt.

For example, if d = 1, given forecasts ynn+m for m = 1, 2, . . ., we have ynn+m = xnn+m − xnn+m−1,
so that

xnn+m = ynn+m + xnn+m−1

with initial condition xnn+1 = ynn+1 + xn.

Example: IMA(1,1) and EWMA model

The ARIMA(0,1,1), or IMA(1,1) model is of interest because many economic time series can be
successfully modeled this way. In addition, the model leads to a frequently used forecasting method
called exponentially weighted moving averages (EWMA). We will write the model as

xt = xt−1 + wt − λwt−1,

with |λ| < 1, for t = 1, 2, . . ., and x0 = 0. We could also include a drift term in the formula.
If we write

yt = wt − λwt−1,

we may write the IMA(1,1) as xt = xt−1 + yt. Because |λ| < 1, yt has an invertible representation,
yt =

∑∞
j=1 λ

jyt−j + wt, and substituting yt = xt − xt−1, we may write

xt =
∞∑

j=1

(1− λ)λj−1xt−j + wt,

as an approximation for large t (put xt = 0 for t ≤ 0), which is the exponentially weighted moving
averages (EWMA).
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Lecture 10

10.1 Estimation of ARMA Models: Setup

Three approaches

We study three approaches to estimating the parameters of ARMA models:

1. Least Squares (LS);

2. Method of Moments (MOM);

3. Maximum Likelihood Estimation: Conditional MLE (CMLE) and Exact MLE (EMLE).

Consider the causal stationary AR(p) model:

xt = c+ ϕ1xt−1 + · · ·+ ϕpxt−p + εt, εt
iid∼ WN(0, σ2).

• Model parameters: η = (c, ϕ1, . . . , ϕp).

• Given observations (x1, . . . , xn), the goal is to estimate η and σ2.

Remark 10.1: AR models: estimators coincide

For AR models, CMLE and the OLS estimator coincide. CMLE and EMLE share the same
asymptotic distribution.

10.2 Approach I: Least Squares Estimation

Least squares for AR(p)

Define the sum of squared residuals:

Ψ(c, ϕ1, . . . , ϕp) =

n∑

t=p+1

(
xt − c− ϕ1xt−1 − · · · − ϕpxt−p

)2
.

Definition 10.1: Least Squares Estimator

The least squares estimator is

η̂LSE = argmin
η

Ψ(c, ϕ1, . . . , ϕp).

119
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The LS normal equations are:

n∑

t=p+1

(
xt − c− ϕ1xt−1 − · · · − ϕpxt−p

)
= 0,

n∑

t=p+1

(
xt − c− ϕ1xt−1 − · · · − ϕpxt−p

)
xt−i = 0, i = 1, . . . , p.

Noise variance estimate and remarks

Solving the LS normal equations yields η̂LSE, and the noise variance is estimated by:

σ̂2 =
1

n− p

n∑

t=p+1

(
xt − ĉ− ϕ̂1xt−1 − · · · − ϕ̂pxt−p

)2
.

Remarks:

• The LS approach does not make any distributional assumptions about the time series.

• LS does not inherently enforce constraints on the parameters to enforce stationarity / invert-
ibility / causality.

• The LS approach does not rely on stationarity properties of the time series to begin with.

10.3 Approach II: Method of Moments (Yule–Walker)

The MOM procedure

The Method of Moments (MOM) estimates model parameters by matching theoretical moments
to their sample counterparts.

1. Express moments in terms of parameters. Write the theoretical autocovariances
γ(0), γ(1), . . . , γ(h) as explicit functions of the model parameters (ϕ1, . . . , ϕp, θ1, . . . , θq, σ

2).

2. Invert the moment equations. Solve those equations to re-express the parameters
(ϕ1, . . . , ϕp, θ1, . . . , θq, σ

2) as functions of γ(0), γ(1), . . . , γ(h).

3. Plug in sample estimates. Replace each γ(h) with its sample estimate γ̂(h) (equivalently
ρ̂(h)) computed from the data. The resulting values are the MOM estimates of the model
parameters.

Essentially, treat the parameters as unknowns and solve for a system of equations (you need as
many sample ACVFs as the number of parameters). For AR(p) processes this procedure yields the
Yule–Walker estimators.

Yule–Walker equations for AR(p)

For a zero-mean AR(p) process, multiplying xt = ϕ1xt−1 + · · ·+ ϕpxt−p + εt by xt−h and taking
expectations gives, for h > 0:

γh = ϕ1γh−1 + · · ·+ ϕpγh−p.

In matrix form (Yule–Walker equations):

Γpφ = γp, σ2 = γ0 − φ⊤γp,

where Γp = {γk−j}pj,k=1 and γp = (γ1, . . . , γp)
⊤.
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Definition 10.2: Yule–Walker Estimators

The Yule–Walker estimators replace γh with sample autocovariances γ̂h:

φ̂YW = Γ̂
−1
p γ̂p, σ̂2YW = γ̂0 − γ̂⊤

p Γ̂
−1
p γ̂p.

For AR(1): h = 1⇒ γ̂1 = ϕ̂YW γ̂0, so ϕ̂YW = γ̂1/γ̂0.

Large-sample results for Yule–Walker estimators

Theorem 10.1: Asymptotics of Yule–Walker Estimators

The asymptotic n→∞ behavior of the Yule–Walker estimators in the case of causal AR(p)
processes is as follows:

√
n (φ̂YW − φ)

d−→ N
(
0, σ2 Γ−1

p

)
, σ̂2YW

P−→ σ2.

Theorem 10.2: Corollary — Large-Sample Distribution of the PACF

For a causal AR(p) process, for h > p:

√
n ϕ̂hh

d−→ N(0, 1).

This justifies the bounds ±2/√n for significance in the sample PACF.

MOM estimation: AR(1) example

Example 10.1: MOM for AR(1)

Consider a zero-mean AR(1): xt = ϕxt−1 + εt, εt ∼WN(0, σ2).
Step 1 — Express ACVF in terms of parameters. Multiply both sides by xt−h and take
expectations:

γ(h) = ϕ γ(h− 1), h ≥ 1, γ(0) =
σ2

1− ϕ2 .

Step 2 — Invert to express parameters in terms of ACVF.

ϕ =
γ(1)

γ(0)
= ρ(1), σ2 = γ(0) (1− ϕ2).

Step 3 — Substitute sample estimates.

ϕ̂YW =
γ̂(1)

γ̂(0)
= ρ̂(1), σ̂2YW = γ̂(0)

(
1− ρ̂(1)2

)
.
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MOM estimation: MA(1) example

Example 10.2: MOM for MA(1)

Consider a zero-mean MA(1): xt = εt + θεt−1, εt ∼WN(0, σ2).
Step 1 — Express ACVF in terms of parameters.

γ(0) = σ2(1 + θ2), γ(1) = σ2θ, γ(h) = 0 for h ≥ 2.

Step 2 — Invert to express parameters in terms of ACVF. Dividing gives ρ(1) =
θ/(1 + θ2). Solving for θ:

ρ(1) θ2 − θ + ρ(1) = 0 =⇒ θ =
1±

√

1− 4ρ(1)2

2ρ(1)
.

Take the root with |θ| ≤ 1 (invertibility). Then σ2 = γ(0)/(1 + θ2).
Step 3 — Substitute sample estimates.

θ̂MOM =
1±

√

1− 4ρ̂(1)2

2ρ̂(1)
, σ̂2MOM =

γ̂(0)

1 + θ̂2
.

Take the root with |θ̂MOM| ≤ 1 (invertibility) and the corresponding σ̂2MOM.

Remark 10.2: Existence of a real solution

A real solution requires |ρ̂(1)| ≤ 1/2. If violated, the data are unlikely to have come from an
MA(1).

10.4 Approach III: Maximum Likelihood Estimation

General approach

Under the assumption εt
iid∼ N(0, σ2), MLE finds the parameter values that make the observed data

most probable.

1. Write down the joint likelihood: use the conditional structure of the model to factorise
L(η) =

∏

t f(xt | past). For Gaussian innovations each factor is a normal density.

2. Choose exact or conditional likelihood: the exact likelihood includes the marginal
density of the first p observations; the conditional likelihood treats them as fixed, simplifying
computation.

3. Maximise the log-likelihood: closed-form solutions exist only in special cases (e.g. AR(1)
CMLE = OLS). In general, use iterative numerical methods (Newton–Raphson, Levenberg–
Marquardt).

4. Estimate σ2: given η̂, estimate σ2 by the average squared residual from the fitted model.

Exact MLE for AR(1)

Suppose {xt} is a Gaussian AR(1): xt = c+ ϕxt−1 + εt, |ϕ| < 1, εt ∼ N(0, σ2).
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The Markov structure gives, for t ≥ 2:

xt | xt−1, . . . , x1
d
= xt | xt−1 ∼ N(c+ ϕxt−1, σ

2).

The stationary marginal is x1 ∼ N
(

c
1−ϕ ,

σ2

1−ϕ2

)

.

Joint pdf of (x1, . . . , xn):

fx1,...,xn = fx1

n∏

t=2

fxt|xt−1
.

Likelihood: L(η) = fx1

n∏

t=2

fxt|xt−1
.

Exact MLE for AR(1): log-likelihood

The log-likelihood is:

ℓ(η) =

(

−1
2 log 2π − 1

2 log
σ2

1−ϕ2 − 1−ϕ2

2σ2

(

x1 − c
1−ϕ

)2
)

︸ ︷︷ ︸

log fx1

+

(

−(n− 1) log
√
2πσ2 − 1

2σ2

n∑

t=2

(xt − c− ϕxt−1)
2

)

︸ ︷︷ ︸
∑n

t=2
log fxt|xt−1

,

η̂MLE = argmax
η

ℓ(η).

Remark: use iterative optimisation (Newton–Raphson, Levenberg–Marquardt, downhill simplex)
to obtain the MLEs.

Conditional MLE for AR(1)

Definition 10.3: Conditional MLE — Difference from Exact MLE

Treat x1 as fixed/deterministic and condition on it. For AR(p), treat x1, . . . , xp as fixed.
The conditional likelihood is:

Lc(η) =

n∏

t=2

fxt|xt−1
.

The conditional log-likelihood is:

ℓc(η) = −
n− 1

2
log 2π − n− 1

2
log σ2 − 1

2σ2

n∑

t=2

(xt − c− ϕxt−1)
2.

Setting ∂ℓc/∂c = 0 and ∂ℓc/∂ϕ = 0 gives:

(
ĉCMLE

ϕ̂CMLE

)

=

(
n− 1

∑
xt−1

∑
xt−1

∑
x2t−1

)−1( ∑
xt

∑
xtxt−1

)

,

which is the same as the OLS/LSE.
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The CMLE variance estimator is:

σ̂2CMLE =
1

n− 1

n∑

t=2

(
xt − ĉCMLE − ϕ̂CMLE xt−1

)2
.

Remark 10.3: CMLE vs. EMLE

CMLE and EMLE have the same asymptotic distribution.

Exact MLE for AR(p)

For a stationary Gaussian AR(p) process {xt}:

xp = (x1, . . . , xp)
⊤ ∼ Np(µp, σ

2Vp),

where
µp =

c

1− ϕ1 − · · · − ϕp
1p, σ2Vp = Cov(xp) = Γp = {γk−j}pj,k=1.

For t > p, the Markov property gives:

xt | xt−1, . . . , x1
d
= xt | xt−1, . . . , xt−p ∼ N

(
c+ ϕ1xt−1 + · · ·+ ϕpxt−p, σ

2
)
.

The joint pdf factors as:

fxn,...,x1
= fxp

n∏

t=p+1

fxt|xt−1,...,xt−p
.

Exact MLE for AR(p): log-likelihood

The log-likelihood is:

ℓ(η) =

(

−p
2
log 2π − p

2
log σ2 +

1

2
log |V −1

p | −
1

2σ2
(xp − µp)

⊤V −1
p (xp − µp)

)

+



−n− p
2

log 2π − n− p
2

log σ2 − 1

2σ2

n∑

t=p+1

(
xt − c− ϕ1xt−1 − · · · − ϕpxt−p

)2



 .

The entries of V −1
p = ((vijp )) are given by Galbraith’s formula:

vijp =
i−1∑

k=0

ϕkϕk+j−i −
p+i−j
∑

k=p+1−i

ϕkϕk+j−i, ϕ0 = −1.

• To write down the exact likelihood for AR(p), we need V −1
p and |Vp| explicitly, where σ2Vp = Γp

is the autocovariance matrix of the initial vector (x1, . . . , xp)
⊤. In general, inverting an arbitrary

p× p Toeplitz matrix requires numerical methods.

• Galbraith’s formula provides a closed-form expression for the (i, j) entry of V −1
p directly

in terms of the AR coefficients ϕ1, . . . , ϕp, bypassing numerical inversion. This makes the
quadratic form (xp − µp)

⊤V −1
p (xp − µp) and the determinant |Vp| in the exact log-likelihood

analytically tractable.

Conditional MLE for AR(p)
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Definition 10.4: Conditional Likelihood for AR(p)

Conditioning on the first p observations:

Lc(η) =

n∏

t=p+1

fxt|xt−1,...,xt−p
= fxn,...,xp+1|xp,...,x1

.

Conditional log-likelihood:

ℓc(η) = −
n− p
2

log 2π − n− p
2

log σ2 − 1

2σ2

n∑

t=p+1

(
xt − c− ϕ1xt−1 − · · · − ϕpxt−p

)2
.

Maximising gives η̂CMLE = η̂LSE, with

σ̂2CMLE =
1

n− p

n∑

t=p+1

(
xt − ĉ− ϕ̂1xt−1 − · · · − ϕ̂pxt−p

)2
.

Conditional MLE for MA(1)

Consider a Gaussian MA(1): xt = µ+ εt + θεt−1, εt
iid∼ N(0, σ2), η = (µ, θ, σ2).

Conditional MLE: assume ε0 = 0 (its expected value) and derive the likelihood conditional on
ε0 = 0.

The innovations can be recovered recursively:

ε1 = x1 − µ− θε0 = x1 − µ,
ε2 = x2 − µ− θε1 = (x2 − µ)− θ(x1 − µ),
ε3 = x3 − µ− θε2 = (x3 − µ)− θ(x2 − µ) + θ2(x1 − µ),

...

Thus (ε1, . . . , εn) can be expressed in terms of (x1, . . . , xn), µ, and θ.
For t ≥ 1: xt | εt−1 ∼ N(µ+ θεt−1, σ

2). The conditional log-likelihood is:

ℓc(η) = −
n

2
log 2π − n

2
log σ2 − 1

2σ2

n∑

t=1

ε2t , η̂CMLE = argmax
η

ℓc(η).

Iterative optimisation is required (no closed form in general).

Exact MLE for MA(1): covariance structure

For the exact likelihood, treat xn = (x1, . . . , xn) as a single multivariate Gaussian observation with
unconditional distribution:

xn ∼ Nn(µ1n, Σ),

where Σ = Cov(xn) follows from γ(0) = σ2(1 + θ2), γ(1) = σ2θ, γ(h) = 0 for |h| ≥ 2:

Σ = σ2












1 + θ2 θ 0 · · · 0 0
θ 1 + θ2 θ · · · 0 0
0 θ 1 + θ2 · · · 0 0
...

...
...

. . .
...

...
0 0 0 · · · 1 + θ2 θ
0 0 0 · · · θ 1 + θ2












.
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This is a symmetric tridiagonal Toeplitz matrix — all diagonal entries equal σ2(1 + θ2) and all
super/sub-diagonal entries equal σ2θ.

Exact MLE for MA(1): Cholesky factorisation

To evaluate
L(η) = (2π)−n/2|Σ|−1/2 exp

(

− 1
2(xn − µ1n)⊤Σ−1(xn − µ1n)

)

we need Σ−1 and |Σ|. Use the Cholesky factorisation Σ = ADA⊤ where A is unit lower-triangular
and D = diag(d11, . . . , dnn) with

dii = σ2
1 + θ2 + · · ·+ θ2i

1 + θ2 + · · ·+ θ2(i−1)
, i = 1, . . . , n.

Setting y = A−1(xn − µ1n), the log-likelihood becomes:

ℓ(η) = −n
2
log 2π − 1

2

n∑

t=1

log dtt −
1

2

n∑

t=1

y2t
dtt
.

Initialisation: compute ρ̂(1) from data, solve ρ̂(1) = θ̂/(1 + θ̂2) for θ̂ (quadratic in θ̂); set µ = x̄.

Conditional MLE for MA(q)

For a Gaussian MA(q) process: xt = c+ εt + θ1εt−1 + · · ·+ θqεt−q, η = (c, θ1, . . . , θq, σ
2).

Initialise at expected values: ε0 = ε−1 = · · · = ε−(q−1) = 0.
Recursively compute innovations:

εt = xt − c− θ1εt−1 − · · · − θqεt−q.

The conditional log-likelihood is:

ℓc(η) = −
n

2
log 2π − n

2
log σ2 − 1

2σ2

n∑

t=1

ε2t .

Conditional MLE for ARMA(p, q)

For a Gaussian ARMA(p, q): xt = c+
∑p

i=1 ϕixt−i+εt+
∑q

i=1 θiεt−i, η = (c, ϕ1, . . . , ϕp, θ1, . . . , θq, σ
2).

Initialise at expected values for t ≤ 0:

ε0 = 0q, x0 =
c

1− ϕ1 − · · · − ϕp
1p = E(x0).

Innovations are computed recursively, and for t ≥ 2:

xt | xt−1, . . . , x1,x0, ε0 ∼ N
(

c+

p
∑

i=1

ϕixt−i +

q
∑

i=1

θiεt−i, σ
2

)

.

The conditional log-likelihood can again be written down in a similar fashion using the density of a
normal distribution.

Asymptotic distribution of MLE for ARMA(p, q)

Let {xt} be a causal and invertible ARMA(p, q): ϕ(B)xt = θ(B)εt, with β = (ϕ1, . . . , ϕp, θ1, . . . , θq)
⊤.
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Theorem 10.3: Asymptotic Distribution of the MLE

√
n (β̂MLE − β)

d−→ Np+q

(
0, Var(β)

)
,

where

Var(β) = σ2
[
E(U tU

⊤
t ) E(U tV

⊤
t )

E(V tU
⊤
t ) E(V tV

⊤
t )

]−1

,

U t = (Ut, Ut−1, . . . , Ut−(p−1))
⊤, V t = (Vt, Vt−1, . . . , Vt−(q−1))

⊤,

and {Ut}, {Vt} are AR processes satisfying ϕ(B)Ut = εt and θ(B)Vt = εt.

Asymptotic distribution: special cases

AR(p) (i.e. q = 0), β = φ = (ϕ1, . . . , ϕp)
⊤:

√
n (φ̂MLE − φ)

d−→ Np

(
0, σ2

[
E(U tU

⊤
t )
]−1)

.

MA(q) (i.e. p = 0), β = θ = (θ1, . . . , θq)
⊤:

√
n (θ̂MLE − θ)

d−→ Nq

(
0, σ2

[
E(V tV

⊤
t )
]−1)

.

Remark 10.4: Key special cases

• AR(1):
√
n (ϕ̂MLE − ϕ) d−→ N(0, 1− ϕ2).

• MA(1):
√
n (θ̂MLE − θ) d−→ N(0, 1− θ2).

Summary on MOM and MLE

• The Method of Moments may give a suboptimal estimator. An improved approach is to
use the estimates obtained from the Method of Moments approach as initial values for the
Maximum Likelihood approach to get an optimal estimate.

• Under appropriate conditions, for causal and invertible ARMA processes, the maximum
likelihood estimator, initialized by the method of moments estimator, provides optimal
estimators of σ2w and β, in the sense that σ̂2w is consistent, and the asymptotic distribution of
β̂ is the best asymptotic normal distribution.
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Lecture 11

11.1 Cyclical Behaviour and Periodic Series

Time domain vs. frequency domain

So far we have analysed time series in the time domain: modelling dependence through autocovari-
ances, the ACF, the PACF, and ARMA structure. The frequency domain offers a complementary
view.

• Some series exhibit strong periodic or cyclical behaviour.

• The frequency domain decomposes the series into sinusoidal components and asks: at which
frequencies does most of the variation lie?

The two approaches are equivalent — they contain the same information about a stationary
process — but each can be more convenient depending on the question. (Time-domain ACF and
frequency-domain spectrum are Fourier transforms of each other.)

Cycle and period

In order to define the rate at which a series oscillates, we first define the cycle of a series.

Definition 11.1: The Cycle and Period of a Series

A cycle is a single complete repetition of a periodic function (such as a sine or cosine function)
over a specific time interval. The duration of the interval taken to complete one cycle is defined
as the period of the oscillation / series.

For example:

• Yearly data, 1 cycle per 5 years ⇒ period is 5 years.

• Monthly data with an annual cycle, 1 cycle per 12 months ⇒ period is 12 months.

Cyclical behaviour

Consider the periodic process

xt = A cos(2πωt+ ϕ), t = 0,±1,±2, . . .

We introduce the following concepts:

128
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• ω is the frequency : cycles per unit time — it is the inverse of the period;

• A is the amplitude: the maximum height of the oscillation / function;

• ϕ is the phase: the start point of the cosine function.

Note: We can introduce random variation in this series by allowing the amplitude and phase to
vary randomly (i.e. A and ϕ can be random variables).

Using the identity cos(α+ β) = cosα cosβ − sinα sinβ, we can rewrite xt as

xt = U1 cos(2πωt) + U2 sin(2πωt), U1 = A cosϕ, U2 = −A sinϕ.

Note:

• The amplitude is A =
√

U2
1 + U2

2 .

• The phase is ϕ = tan−1(−U2/U1).

• U1 and U2 are often taken to be normally distributed random variables if we want to model
randomness. (This trades a fixed amplitude/phase for two random coefficients — which is
much easier to work with.)

Stationarity of a cyclic series

Theorem 11.1: Stationarity of a Cyclic Series

If U1 and U2 are uncorrelated with mean 0 and variance σ2, then the cyclic time series

xt = U1 cos(2πωt) + U2 sin(2πωt)

is stationary with
E(xt) = 0, γ(h) = σ2 cos(2πωh).

Interpretation: The amplitude A2 = U2
1 + U2

2 is a random variable. Given observed values
U1 = a, U2 = b, a natural estimate of σ2 is

σ̂2 = a2 + b2,

the sample variance of the two observations (a, b).

Mixtures of periodic series

A general periodic series can be written as a mixture of components at different frequencies and
amplitudes:

xt =

q
∑

k=1

[
Uk1 cos(2πωkt) + Uk2 sin(2πωkt)

]
,

where Uk1, Uk2 for k = 1, . . . , q are uncorrelated zero-mean random variables with variance σ2k, and
the ωk are distinct frequencies.

Theorem 11.2: Autocovariance of a Mixture

γ(h) =

q
∑

k=1

σ2k cos(2πωkh).
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Each σ2k measures the contribution of frequency ωk to the total variance of the series. (Setting
h = 0 gives γ(0) = Var(xt) =

∑

k σ
2
k, so the total variance is split across frequencies.)

Example 11.1: Mixture of Three Components

Consider three components with frequencies 6/100, 10/100, 40/100:

xt1 = 2 cos(2πt · 6/100) + 3 sin(2πt · 6/100), A2
1 = 4 + 9 = 13,

xt2 = 4 cos(2πt · 10/100) + 5 sin(2πt · 10/100), A2
2 = 16 + 25 = 41,

xt3 = 6 cos(2πt · 40/100) + 7 sin(2πt · 40/100), A2
3 = 36 + 49 = 85.

Combine these components to form a time series xt = xt1 + xt2 + xt3 and draw 100 samples
from it for t = 1, . . . , 100.

Figure 11.1: Three sinusoidal components and their sum xt. The higher-frequency component (ω = 40/100)
oscillates fastest, and the largest amplitude (A2 = 85) dominates the appearance of the sum.

Fundamental frequency decomposition
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Theorem 11.3: Fundamental Frequency Decomposition

Any time series x1, . . . , xn can be written exactly as

xt = a0 +

⌊n/2⌋
∑

j=1

[
aj cos(2πtj/n) + bj sin(2πtj/n)

]
,

with

a0 = x̄, aj =
2

n

n∑

t=1

xt cos(2πtj/n), bj =
2

n

n∑

t=1

xt sin(2πtj/n).

• The frequencies ωj = j/n are called the Fourier or fundamental frequencies.

• The decomposition is exact (zero residuals), not an approximation. For n observations there
are exactly n basis functions — one constant plus cosine/sine pairs at each fundamental
frequency — forming a set of mutually orthogonal vectors in R

n that span the entire space.

The scaled periodogram

Under the fundamental frequency decomposition, the scaled periodogram is defined by

P (j/n) = a2j + b2j .

It has the following properties:

• P (j/n) is an estimate of σ2j , which corresponds to ωj = j/n (i.e. the scaled periodogram is
the sample variance at each frequency component).

• It indicates which frequency components are large in magnitude and which are small.

• Large values of P (j/n) indicate the frequencies ωj = j/n are predominant in the series,
whereas small values of P (j/n) may be associated with noise.

Figure 11.2: Scaled periodogram of xt. Peaks at ω = 0.06, 0.10, 0.40 recover A2
k = 13, 41, 85. The dashed

line marks ω = 0.5; note the mirror symmetry about 0.5.

Note: The periodogram is symmetric about ω = 0.5, so in practice we only inspect 0 ≤ ω ≤ 0.5.
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11.2 Spectral Density Function

Motivation

Background:

• The fundamental frequency decomposition allows us to express a time series as a sum of
multiple cyclical components at different frequencies.

• Some frequencies capture a significant portion of the variation in the original series (i.e. they
are predominant), while others contribute minimally and may resemble white noise.

Key question: Can we quantify how much variation is contributed by each frequency — the
relative importance of each frequency component in the overall variability of the series? This leads
us to the concept of spectral density analysis.

Remark 11.1: Why “spectral”?

If we consider the data xt as a colour (waveform) made up of three primary colours xt1, xt2, xt3
at various strengths (amplitudes), then the periodogram decomposition acts like a prism that
decomposes the colour xt into its primary colours (spectrum). Hence the term spectral analysis.

Spectral representation of an autocovariance function

We can decompose a stationary time series into periodic components.

Definition 11.2: The Spectral Distribution Function

If {xt} is stationary with autocovariance γ(h) = Cov(xt+h, xt), then there exists a unique
monotonically increasing function F (ω), called the spectral distribution function, with F (−∞) =
F (−1/2) = 0 and F (∞) = F (1/2) = γ(0), such that

γ(h) =

∫ 1/2

−1/2
e2πiωh dF (ω).

For the spectral distribution function F (ω), note that:

• F (ω) behaves like a cumulative distribution function for a discrete distribution, except that
F (∞) = σ2 = Var(xt) instead of 1.

• In fact F (ω) is a cumulative distribution function, not of probabilities, but rather of variances,
with F (∞) being the total variance of the process xt.

• F (ω) characterizes how the total variance of the time series xt is distributed across different
frequencies ω.
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The spectral density function

Definition 11.3: The Spectral Density Function

If the autocovariance function γ(h) of a stationary process satisfies

∞∑

h=−∞

|γ(h)| <∞,

then it has the representation

γ(h) =

∫ 1/2

−1/2
e2πiωhf(ω) dω, h = 0,±1,±2, . . . ,

where f(ω) is called the spectral density function.

We may also define the spectral density as the Fourier inverse transformation:

f(ω) =

∞∑

h=−∞

γ(h) e−2πiωh, −1
2 ≤ ω ≤ 1

2 .

Key properties:

• The spectral density is the analogue of the probability density function. That is, we have (a)
f(ω) ≥ 0, and (b) f(ω) = f(−ω).

• γ(0) = Var(xt) =
∫ 1/2
−1/2 f(ω) dω (total variance = area under the spectral density).

• We will typically only plot f(ω) for 0 ≤ ω ≤ 1/2.

The normalised spectral density

It is often convenient to work with the normalised spectral density, which removes the dependence
on σ2:

f∗(ω) =
f(ω)

γ(0)
=

f(ω)

Var(xt)
,

so that
∫ 1/2
−1/2 f

∗(ω) dω = 1. Equivalently,

f∗(ω) =

∞∑

h=−∞

ρ(h) e−2πiωh,

i.e. the normalised spectral density is the Fourier transform of the ACF ρ(h).

Example 11.2: Spectral Density of White Noise

Let wt ∼WN(0, σ2w). Since γ(0) = σ2w and γ(h) = 0 for h ̸= 0:

f(ω) =

∞∑

h=−∞

γ(h) e−2πiωh = σ2w, −1
2 ≤ ω ≤ 1

2 .

The spectral density is flat — all frequencies contribute equally to the total variance. This is
the origin of the name white noise, by analogy with white light which contains all colours at



Chapter 11. Lecture 11 134

equal intensity.

11.3 Spectral Density of ARMA Models

The linear filter

In order to derive the general spectral density of an ARMA(p, q) process, we need the following tool.

Definition 11.4: Linear Filter

A linear filter uses a set of specified coefficients aj , for j = 0,±1,±2, . . ., to transform an input
series xt into an output series yt of the form

yt =

∞∑

j=−∞

ajxt−j ,

∞∑

j=−∞

|aj | <∞.

Note:

• The above form is also called a convolution in some statistical contexts.

• The coefficients are collectively called the impulse response function.

Theorem 11.4: Output Spectrum of a Filtered Stationary Series

For the linear filter yt =
∑

j ajxt−j , if xt has spectrum fx(ω), then the spectrum of the filtered
output yt, say fy(ω), is related to the spectrum of the input xt by

fy(ω) = |A(ω)|2fx(ω),

where the frequency response function A(ω) is defined as

A(ω) =
∞∑

j=−∞

aj exp(−2πiωj).

Spectral density of ARMA(p, q)

An ARMA process is a linear filter applied to white noise.

Theorem 11.5: Spectral Density of an ARMA Process

If {xt} is ARMA(p, q) with ϕ(B)xt = θ(B)wt, its spectral density is

fx(ω) = σ2w
|θ(e−2πiω)|2
|ϕ(e−2πiω)|2 ,

where ϕ(z) = 1−
∑p

k=1 ϕkz
k and θ(z) = 1 +

∑q
k=1 θkz

k.

Special cases:

• AR(p): θ ≡ 1, so fx(ω) = σ2w/|ϕ(e−2πiω)|2.
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• MA(q): ϕ ≡ 1, so fx(ω) = σ2w |θ(e−2πiω)|2.
• White noise: fx(ω) = σ2w.

Remark 11.2: Useful Identity

A key identity used when computing |ϕ(e−2πiω)|2 for AR models is

|1− ϕe−2πiω|2 = (1− ϕe−2πiω)(1− ϕe2πiω) = 1− 2ϕ cos(2πω) + ϕ2.

This follows from (a− b)(a− b̄) = |a|2 − 2Re(ab̄) + |b|2 with a = 1 and b = ϕe2πiω. Recall also
eiθ = cos θ + i sin θ, hence eiθ + e−iθ = 2 cos θ, so ϕe−2πiω + ϕe2πiω = 2ϕ cos(2πω).

Example 11.3: Spectral Density of MA(1)

Let xt = wt + θwt−1, so θ(z) = 1 + θz. Then

fx(ω) = σ2w |1 + θe−2πiω|2 = σ2w (1 + θe−2πiω)(1 + θe2πiω).

Expanding,

fx(ω) = σ2w
(
1 + θ2 + θ(e2πiω + e−2πiω)

)
= σ2w

(
1 + θ2 + 2θ cos(2πω)

)
.

Check: integrating over [−1/2, 1/2] should give γ(0):

∫ 1/2

−1/2
fx(ω) dω = σ2w(1 + θ2) = γ(0).✓

Example 11.4: Spectral Density of AR(1)

Let xt = ϕxt−1 + wt, so ϕ(z) = 1− ϕz and |ϕ| < 1. Then

fx(ω) =
σ2w

|1− ϕe−2πiω|2 =
σ2w

1− 2ϕ cos(2πω) + ϕ2
.

Shape:

• ϕ > 0: spectral density is large at low frequencies (smooth, slowly varying series).

• ϕ < 0: spectral density is large at high frequencies (rapidly oscillating series).

• ϕ = 0: flat spectrum (white noise).

Note: The ACF of AR(1) is ρ(h) = ϕ|h|, which you can verify by checking that
∫ 1/2
−1/2 fx(ω)e

2πiωh dω reproduces γ(h) = σ2wϕ
|h|/(1− ϕ2).

11.4 Estimating the Spectral Density

The problem and the DFT

Problem: Given observed data x1, . . . , xn, how do we estimate the spectral density f(ω)?

• Parametrically (recall the spectral density for ARMA).
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• Non-parametrically using the Discrete Fourier Transform (DFT).

Definition 11.5: Discrete Fourier Transform (DFT)

Given x1, . . . , xn, the DFT at fundamental frequency ωj = j/n is

d(ωj) = n−1/2
n∑

t=1

xt e
−2πiωjt, j = 0, 1, . . . , n− 1.

Interpretation:

• d(ωj) is a complex-valued summary of how much the data oscillates at frequency ωj .

• Large |d(ωj)| means frequency ωj is strongly present in the series.

The periodogram

Definition 11.6: The Periodogram

The periodogram is the squared modulus of the DFT:

I(ωj) = |d(ωj)|2 =
n−1∑

h=−(n−1)

γ̂(h) e−2πiωjh, j ̸= 0.

Application and properties:

• I(ωj) is the sample analogue of f(ωj) — we may think of the periodogram as the sample
spectral density of xt.

• It estimates how much variance the series carries at each frequency.

• The scaled periodogram (introduced earlier) can be computed by

P (j/n) =
4

n
|d(ωj)|2.
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